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PROCEEDINGS 
HUNGARIAN MACHINE LEARNING DAYS 2025 
 

The Hungarian Machine Learning Days provide an opportunity for Hungarian machine learning researchers 

working in foreign institutions to meet each other and connect with those working in Hungary, including 

the younger generation and Ph.D. students. 

The organization and costs are covered by MEC_SZ 149796: Hungarian Machine Learning Meetup with 

the support of the Hungarian National Artificial Intelligence Laboratory, established in 2020, whose main 

mission is to unite domestic researchers, organize events (such as AI & AUT EXPO, HUN-REN AI 

Symposium), and build connections with European AI Centers and ELLIS. 

During the 3-day summer event, internationally recognized researchers will present tutorials, young 

researchers will give short presentations, posters, and ideas, and there will be many informal joint programs. 

All presentations are in English.  

 

 

Location 

 

Budapesti Európai Ifjúsági Központ 

(European Youth Centre Budapest) 

Budapest, Zivatar u. 1, 1024 

www.eycb.coe.int    
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Inverse Q-learning
done right

Gergely Neu
joint work with 
Antoine Moulin (UPF) & Luca Viano (EPFL)
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Reinforcement learning

Given access to the 
environment and the 
reward function, train 
an agent to learn a 
desirable behavior
(i.e., earn a lot of reward)



Imitation learning

Given observations of 
an expert performing a 
desired behavior…
(and no reward function)

… train an agent to 
replicate the same 
behavior
(earn as much reward as the expert)



The two paradigms

Reinforcement learning
▪ Learning directly from experience, 

without supervision

▪ Needs GOOD reward function

▪ Needs LOTS of interaction with the 
environment

Imitation learning
▪ Learning from demonstrations of 

useful behavior

▪ Needs NO reward function

▪ Needs NO interaction with the 
environment



The two paradigms

Reinforcement learning
▪ Learning directly from experience, 

without supervision

▪ Needs GOOD reward function

▪ Needs LOTS of interaction with the 
environment

Imitation learning
▪ Learning from demonstrations of 

useful behavior

▪ Needs NO reward function

▪ Needs NO interaction with the 
environment

Takes FOREVER to learn 
anything useful when 
rewards are sparse
(“Jutalom a nap végén”)
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Reinforcement learning
▪ Learning directly from experience, 

without supervision

▪ Needs GOOD reward function

▪ Needs LOTS of interaction with the 
environment

Imitation learning
▪ Learning from demonstrations of 

useful behavior

▪ Needs NO reward function

▪ Needs NO interaction with the 
environment

Can learn much faster 
when good observational 
data is available

Takes FOREVER to learn 
anything useful when 
rewards are sparse
(“Jutalom a nap végén”)



Two radical approaches to IL

▪ Behavioral cloning (Pomerleau, 1991):
▪ “try to directly learn the mapping from states to actions, ignoring the 

temporal structure of the problem”

▪ Possibly inefficient due to using “too little” structure

▪ Inverse reinforcement learning (Ng & Russell, 2005):
▪ “try to recover the reward function from the expert data first, and then 

learn an optimal policy”

▪ Possibly inefficient due to using “too much” structure
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The tools of the trade



Markov decision processes

Initial state is drawn as 𝑋0 ∼ 𝑝0

In each round 𝑡 = 0,1,2, …

▪ Agent observes state 𝑋𝑡

▪ Agent takes action 𝐴𝑡

▪ Agent earns reward 𝑅𝑡 = 𝑟 𝑋𝑡 , 𝐴𝑡

▪ Environment generates next state 
𝑋𝑡+1 ∼ 𝑃(⋅ |𝑋𝑡 , 𝐴𝑡)

Agent Environment
Action 𝐴𝑡

State 𝑋𝑡
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Initial state is drawn as 𝑋0 ∼ 𝑝0

In each round 𝑡 = 0,1,2, …

▪ Agent observes state 𝑋𝑡

▪ Agent takes action 𝐴𝑡

▪ Agent earns reward 𝑅𝑡 = 𝑟 𝑋𝑡 , 𝐴𝑡

▪ Environment generates next state 
𝑋𝑡+1 ∼ 𝑃(⋅ |𝑋𝑡 , 𝐴𝑡)

Agent Environment
Action 𝐴𝑡

State 𝑋𝑡

Reward function
𝑟: 𝒳 × 𝒜 → ℝ

Transition function
𝑃: 𝒳 × 𝒜 → Δ𝒳



Policies and their values

▪ A stochastic policy is a mapping 𝜋: 𝒳 → Δ𝒜

▪ An agent follows policy 𝜋 if it takes its actions as 𝐴𝑡 ∼ 𝜋 ⋅ 𝑋𝑡

▪ The value of a policy 𝜋 is the total discounted sum of rewards 
of an agent following 𝜋:

𝜌𝜋 = 𝔼𝜋 ෍

𝑡=0

∞

𝛾𝑡𝑅𝑡

▪ In RL, we typically seek an optimal policy 𝜋∗ that satisfies
𝜋∗ = arg max

𝜋
𝜌𝜋



Action-value functions

▪ The action-value function (or Q-function) of a policy 𝜋 is
𝑄𝜋 𝑥, 𝑎 = 𝔼𝜋 σ𝑡=0

∞ 𝛾𝑡𝑅𝑡 𝑋0 = 𝑥, 𝐴0 = 𝑎

▪ Also define the notation 𝑓 𝑥, 𝜋′ = σ𝑎 𝜋′ 𝑎 𝑥 𝑓 𝑥, 𝑎  for any 𝑓



Action-value functions

▪ The action-value function (or Q-function) of a policy 𝜋 is
𝑄𝜋 𝑥, 𝑎 = 𝔼𝜋 σ𝑡=0

∞ 𝛾𝑡𝑅𝑡 𝑋0 = 𝑥, 𝐴0 = 𝑎

▪ Also define the notation 𝑓 𝑥, 𝜋′ = σ𝑎 𝜋′ 𝑎 𝑥 𝑓 𝑥, 𝑎  for any 𝑓

▪ Then, the value 𝜌𝜋 can be written as

𝜌𝜋 = 𝔼𝑋0∼𝑝0
𝑄𝜋 𝑋0, 𝜋



Occupancy measures

▪ The occupancy measure of a policy 𝜋 is the distribution

𝜇𝜋 𝑥, 𝑎 = 1 − 𝛾 ෍

𝑡=0

∞
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Occupancy measures

▪ The occupancy measure of a policy 𝜋 is the distribution

𝜇𝜋 𝑥, 𝑎 = 1 − 𝛾 ෍

𝑡=0

∞

𝛾𝑡ℙ𝜋 𝑋𝑡 = 𝑥, 𝐴𝑡 = 𝑎

▪ Then, the value 𝜌𝜋 can be written as

𝜌𝜋 = 𝔼𝑋,𝐴∼𝜇𝜋 𝑟 𝑋, 𝐴



The performance difference lemma

▪ The two different expressions can be combined to obtain the 
following extremely useful expression:

Lemma 
(Howard, 1960, Kakade & Langford, 2002)

For any two policies 𝜋 and 𝜋′, we have

𝜌𝜋 − 𝜌𝜋′
= 𝔼𝑋,𝐴∼𝜇𝜋 𝑄𝜋′

𝑋, 𝐴 − 𝑄𝜋′
𝑋, 𝜋′
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What we have & what we want

▪ HAVE: 𝑛 samples generated by some expert policy 𝜋𝐸

▪ DON’T WANT:
▪ Recover the expert policy 𝜋𝐸 exactly (~ behavioral cloning)

▪ Recover the reward function 𝑟 (~ inverse RL)

▪ WANT: a policy 𝜋out satisfying 𝜌𝜋out ≥ 𝜌𝜋𝐸 − 𝜀 for small 𝜀
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What we have & what we want

▪ HAVE: 𝑛 samples generated by some expert policy 𝜋𝐸

▪ DON’T WANT:
▪ Recover the expert policy 𝜋𝐸 exactly (~ behavioral cloning)

▪ Recover the reward function 𝑟 (~ inverse RL)

▪ WANT: a policy 𝜋out satisfying 𝜌𝜋out ≥ 𝜌𝜋𝐸 − 𝜀 for small 𝜀

Still challenging since we don’t have access 
to the environment or the reward function!



Getting there in 3 steps

1. Use performance difference lemma to write
𝜌𝜋𝐸 − 𝜌𝜋 = 𝔼𝑋,𝐴∼𝜇𝜋𝐸 𝑄𝜋 𝑋, 𝐴 − 𝑄𝜋 𝑋, 𝜋

2. Define the objective function 
ℒ 𝜋; 𝑄 = 𝔼𝑋,𝐴∼𝜇𝜋𝐸 𝑄 𝑋, 𝐴 − 𝑄 𝑋, 𝜋

and notice that
𝜌𝜋𝐸 − 𝜌𝜋 = ℒ 𝜋; 𝑄𝜋 ≤ sup

𝑄
ℒ 𝜋; 𝑄

3. Find a policy 𝜋out such that sup
𝑄

ℒ 𝜋out; 𝑄 ≤ 𝜀 
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Getting there in 3 steps

1. Use performance difference lemma to write
𝜌𝜋𝐸 − 𝜌𝜋 = 𝔼𝑋,𝐴∼𝜇𝜋𝐸 𝑄𝜋 𝑋, 𝐴 − 𝑄𝜋 𝑋, 𝜋

2. Define the objective function 
ℒ 𝜋; 𝑄 = 𝔼𝑋,𝐴∼𝜇𝜋𝐸 𝑄 𝑋, 𝐴 − 𝑄 𝑋, 𝜋

and notice that
𝜌𝜋𝐸 − 𝜌𝜋 = ℒ 𝜋; 𝑄𝜋 ≤ sup

𝑄
ℒ 𝜋; 𝑄

3. Find a policy 𝜋out such that sup
𝑄

ℒ 𝜋out; 𝑄 ≤ 𝜀 

Bottom line: find the saddle point
min

𝜋
max

𝑄
ℒ(𝜋; 𝑄)



Saddle-point Imitation Learning

▪ Primal-dual scheme: for each 𝑘 = 1,2, … , 𝐾
▪ Update 𝜋𝑘+1 incrementally by policy mirror descent on ℒ(𝜋𝑘; 𝑄𝑘)

▪ Update 𝑄𝑘+1 by best-responding 𝜋𝑘+1: 𝑄𝑘+1 = arg max
𝑄

ℒ(𝜋𝑘+1; 𝑄)

▪ Output: 𝜋out = 𝜋𝐼 for 𝐼 chosen uniformly over {1,2, … , 𝐾}

▪ Guarantee: The total loss can be bounded as

𝔼 𝜌𝜋𝐸 − 𝜌𝜋out =
1

𝐾
෍

𝑘=1

𝐾

ℒ(𝜋𝑘; 𝑄𝜋𝑘) ≤
1

𝐾
෍

𝑘=1

𝐾

ℒ 𝜋𝑘; 𝑄𝑘 ,

which is exactly what the policy updates are aiming to 
minimize!
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A practical algorithm

SPOIL (Saddle-Point Offline Imitation Learning)

Input: Expert data set 𝑋𝑡 , 𝐴𝑡 𝑡=1
𝑛 , a parametric class of Q-

functions 𝒬 = {𝑄𝜃: 𝜃 ∈ ℝ𝑑 }, learning rate 𝜂 > 0
Initialize: 𝜃0 = 0, 𝜋0 = uniform policy
For 𝑘 = 1,2 … , 𝐾:

▪ 𝜋𝑘 𝑎 𝑥 ∝ 𝜋𝑘−1 𝑎 𝑥 exp −𝜂𝑄𝑘−1 𝑥, 𝑎

▪ 𝑄𝑘 = arg max
𝑄∈𝒬

መℒ𝑛(𝜋𝑘; 𝑄𝑘)

Output: 𝜋𝑜𝑢𝑡 = 𝜋𝐼 for 𝐼 ∼ 𝒰(𝐾)



A practical algorithm

Empirical estimate of ℒ:
 መℒ𝑛 𝜋; 𝑄 =

1

𝑛
σ𝑡=1

𝑛 𝑄 𝑋𝑡 , 𝐴𝑡 − 𝑄 𝑋𝑡 , 𝜋

SPOIL (Saddle-Point Offline Imitation Learning)

Input: Expert data set 𝑋𝑡 , 𝐴𝑡 𝑡=1
𝑛 , a parametric class of Q-

functions 𝒬 = {𝑄𝜃: 𝜃 ∈ ℝ𝑑 }, learning rate 𝜂 > 0
Initialize: 𝜃0 = 0, 𝜋0 = uniform policy
For 𝑘 = 1,2 … , 𝐾:
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Output: 𝜋𝑜𝑢𝑡 = 𝜋𝐼 for 𝐼 ∼ 𝒰(𝐾)
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𝑄𝜋-realizability

Definition
The Q-function class 𝒬 is called 𝑄𝜋-realizable 

if for all policies 𝜋, we have 𝑄𝜋 ∈ 𝒬.



𝑄𝜋-realizability

▪ Satisfied if the parametrization of the Q-functions used by 
SPOIL is powerful enough

▪ Much weaker than other conditions common in RL theory, e.g., 
Bellman completeness (Antos, Munos, Szepesvári, 2008) or 
Linear MDP condition (Jin, Yang, Wang, Jordan, 2020)

Definition
The Q-function class 𝒬 is called 𝑄𝜋-realizable 

if for all policies 𝜋, we have 𝑄𝜋 ∈ 𝒬.



An error bound

Proof: The same algebra as before, just adding and subtracting 
ℒ − መℒ𝑛 a couple of times.

Proposition
Let Δ 𝜋 = 𝔼 sup

𝑄∈𝒬
ℒ 𝜋; 𝑄 − መℒ𝑛 𝜋; 𝑄 . The output of SPOIL satisfies

𝔼 𝜌𝜋𝐸 − 𝜌𝜋out ≤
1

𝐾
෍

𝑘=1

𝐾

𝔼 ℒ 𝜋𝑘; 𝑄𝑘 +
2

𝐾
෍

𝑘=1

𝐾

𝔼 Δ 𝜋𝑘 .
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Proposition
Let Δ 𝜋 = 𝔼 sup

𝑄∈𝒬
ℒ 𝜋; 𝑄 − መℒ𝑛 𝜋; 𝑄 . The output of SPOIL satisfies

𝔼 𝜌𝜋𝐸 − 𝜌𝜋out ≤
1

𝐾
෍

𝑘=1

𝐾

𝔼 ℒ 𝜋𝑘; 𝑄𝑘 +
2

𝐾
෍

𝑘=1

𝐾

𝔼 Δ 𝜋𝑘 .

COOL!! Δ 𝜋  can be bounded via a standard 
uniform convergence argument!! (For a fixed 𝑄, the error 

is literally the difference between a mean and an empirical mean)



Sample complexity guarantees

Theorem 1
Suppose 𝒬 is a class of 𝑑-dimensional linear 𝑄𝜋-realizable 

functions. Then, the output of SPOIL guarantees 𝔼 𝜌𝜋𝐸 − 𝜌𝜋out ≤ 𝜀 
after processing 𝑛 = ෨𝑂(𝑑/ 1 − 𝛾 2𝜀2) samples.

Theorem 2
Suppose 𝒬 is a general class of 𝑄𝜋-realizable functions. 
Then, the output of SPOIL guarantees 𝔼 𝜌𝜋𝐸 − 𝜌𝜋out ≤ 𝜀 

after processing 𝑛 = ෨𝑂(𝒩𝜀/ 1 − 𝛾 4𝜀4) samples.

* 𝒩𝜀 is the ℓ∞ covering number of the class at some level poly(1/𝜀)



What’s “done right about” this though?

▪ “Inverse Q-learning” (IQL) by Garg et al. (NeurIPS’21) is also 
derived from approximating min

𝜋
max

𝑄
ℒ(𝜋; 𝑄)

▪ IQL maximizes the dual objective 𝒟 𝑄 = min
𝜋

ℒ(𝜋; 𝑄) by SGD

▪ This makes it impossible to translate the optimization error into 
a guarantee on the quality of the output policy

▪ In contrast, our method minimizes the primal objective 𝒫 𝜋 =
max

𝑄
ℒ(𝜋; 𝑄) via stochastic mirror descent

▪ As we have seen, this comes with a straightforward translation 
between the quantities of interest
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Outline
▪ Reinforcement learning & imitation learning

▪ The tools of the trade: 
▪ value functions 

▪ occupancy measures

▪ Saddle-point imitation learning

▪ Theory

▪ Experiments



Can SPOIL beat behavioral cloning?

▪ Behavioral cloning (Pomerleau, 1991, Foster, Block, Misra , 2024):
▪ Consider a class of policies Π (say, parametrized by NNs)

▪ Find output policy by maximum likelihood:

𝜋out = argmax𝜋∈Π ෍

𝑡=1

𝑛

log 𝜋(𝐴𝑡|𝑋𝑡)

▪ Ignores structure, but obtains good guarantees when 𝜋𝐸 ∈ Π



Can SPOIL beat behavioral cloning?

▪ Behavioral cloning (Pomerleau, 1991, Foster, Block, Misra , 2024):
▪ Consider a class of policies Π (say, parametrized by NNs)

▪ Find output policy by maximum likelihood:

𝜋out = argmax𝜋∈Π ෍

𝑡=1

𝑛

log 𝜋(𝐴𝑡|𝑋𝑡)

▪ Ignores structure, but obtains good guarantees when 𝜋𝐸 ∈ Π

What can go wrong?
▪ 𝜋𝐸 may not be in the class Π
▪ Π may be too complex for optimization to be effective
▪ …



A neat little experiment

▪ Build an MDP with a “simple” optimal policy 𝜋∗ (linear classifier with 
some small-dimensional parameter vector 𝜃∗)

▪ Train two “experts” that are both near-optimal: one linear 
softmax (Πlin

𝐸 ) and one using a 3-layer NN + softmax (ΠNN
𝐸 )
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A neat little experiment

▪ Build an MDP with a “simple” optimal policy 𝜋∗ (linear classifier with 
some small-dimensional parameter vector 𝜃∗)

▪ Train two “experts” that are both near-optimal: one linear 
softmax (Πlin

𝐸 ) and one using a 3-layer NN + softmax (ΠNN
𝐸 )

BC really struggles when compared to 
SPOIL when policy class is complex!



Conclusion

▪ Imitation learning is a cool problem

▪ SPOIL is a cool algorithm
▪ strong theoretical foundations & guarantees

▪ simple to understand & easy to implement*

▪ More broadly: min-max optimization perspective can bring 
about very useful algorithms when used correctly



Conclusion

▪ Imitation learning is a cool problem

▪ SPOIL is a cool algorithm
▪ strong theoretical foundations & guarantees

▪ simple to understand & easy to implement*

▪ More broadly: min-max optimization perspective can bring 
about very useful algorithms when used correctly

▪ Many open questions:
▪ *scalability of policy update?

▪ beyond 𝑄𝜋-realizability?

▪ other uses of this unusual policy eval objective? (see also Neu & Okolo, 2025)



Thank you!!
Time for that “reward”
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I. Introduction
“Uncertainty is the only certainty there is, and knowing how to
live with insecurity is the only security.” (John Allen Paulos)
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Uncertainty is Everywhere

Uncertainty is an inherent part of
most activities, e.g., in natural and
social sciences, engineering, industry,
finance, economics, and medicine.

– Limited knowledge and data scarcity

– Measurement errors

– Information transmission problems

– Modeling biases

– Approximation errors

– Computational constraints

– Trust and security concerns

– Intrinsic variability of the systems
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Robust Uncertainty Quantification

– To guarantee the reliability of solutions, we should rigorously
assess their uncertainty, enabling more trustworthy methods.

– Quantifying model uncertainty is essential. It is a prerequisite of
uncertainty quantification for prediction and control methods.

– Focus: stochastic models (though there are worst-case setups).

– In statistics uncertainty quantification (UQ) is done by building
confidence regions. Random set Cα(X ) is an α-level conf. region if

∀P ∈ P : ∀ f∗ ∈ F : P
(
f∗ ∈ Cα(X )

)
≥ 1− α

for some risk probability α ∈ (0, 1), where f∗ is a target model, F
is a model class, P is a family of distributions, and X is a sample.

– Robust UQ: minimizing the statistical and structural assumptions.

– Needed for robust decisions, risk management, active learning, etc.
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Standard Confidence Region Constructions

(1) It is assumed that the distribution family
of the data is known and then we can use
the quantiles of a pivotal quantity.

It is often unrealistic the assume a para-
metric family of distributions in practice.

(2) Another typical approach is to build on limiting distributions
√
n(θ̂n − θ∗)

d−→ N (0, I−1(θ∗))

leading to approximate, only asymptotically guaranteed regions.

(3) The use of concentration inequalities is also widespread

P
( ∣∣∣ 1

n

∑n

i=1
Xi − E[X1]

∣∣∣ ≥ ε

)
≤ 2 exp

(
−n ε2

2σ2

)
leading to a priori bounds with finite sample guarantees.
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II. Resampling, Ranking

& Reproducing Kernels
Bird’s-Eye View of a Robust Inference Framework
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Robust Inference Framework

– Aim: to obtain a general, efficient robust inference framework.

– A flexible approach can be built using resampling and ranking.

– Both are important techniques of (nonparametric) statistics.

– They become very powerful if combined with kernel methods.

– Core approach: resampling-and-ranking based distribution-free
kernel methods which can perform non-asymptotic inference.

– Essential questions to answer are:

1. How to resample the data?

2. What data to resample?

3. How to rank the resampled datasets?

4. How to avoid pointwise testing?

5. How to obtain efficiently acionable structures?
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Resampling for Testing Goodness-of-Fit

– Resampling is widespread in statistics, including Monte Carlo tests,
bootstrap, jackknife, permutation tests, and cross validation, etc.

– For us, its core idea can be best understood as a hypothesis test.

– Under H0, we can generate new datasets “similar” to the original.

– However, under H1 the generated samples will be “different”.
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Ranking for Detecting Inhomogeneity

– A key question is how to decide whether the new datasets are
“similar” to the original one. A statical solution: ranking.

– Under H0, the rank of the original dataset should be “average”,
unlikely to be high (typically: discrete uniform distribution).

– However, under H1, the original dataset should tend be the largest.
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How to Resample?

– Resampling does not need strong distributional assumption on the
observed data (such as Gaussianity). A sufficient property is:

An Rn-valued random vector ε is distributionally invariant w.r.t. a
compact group of transformations, (G, ◦), where “◦” denotes the
function composition and each G ∈ G maps Rn to itself, if for all
G ∈ G, vectors ε and G (ε) have the same distribution.

– Two arch-typical examples having this property are

(1) If {εi} are exchangeable (for example: i.i.d.), then we can use
the (finite) group of permutations on the noise vector.

(2) If {εi} independent and symmetric, then we can apply the
group consisting sign-changes for any subsets of the noises.

– Then, {Gk} can be an i.i.d. sample, ∀Gk ∼ uniform on group G.
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What to Resample?

– In regression problems, the natural approach is to resample the
residuals. If {(Xj ,Yj)} is the dateset and f is a model to test

Dk
.
= (X , f (X ) + Gk(f (X )− Y )),

where f (X ) = (f (X1), . . . , f (Xn))
T and Y = (Y1, . . . ,Yn)

T,
assuming the true error is distributionally invariant w.r.t. G.
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What to Resample?

– In binary classification problems, we resample the class labels.

– Key observation: a candidate classifier f : X → {0, 1} encodes the
conditional distribution of the labels for each input, that is

f (Xk)
.
= 2 · Pf (Yk = +1 | Xk ) − 1.

Then, given f one can generate {Yk,j(f )} from the conditional
distribution Pf (Y | X = Xj ), producing alternative samples:

Dk
.
= ((X1,Yk,1(f )), . . . , (Xn,Yk,n(f ))).
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How to Rank?

– If we have an underlying ML method which optimizes a loss
function, a method for ranking is to use the norm of its gradient.

– In linear regression problems with the least squares criterion, this
leads to the nonasymptotic Sign-Perturbed Sums (SPS) method.

– SPS has exact coverage guarantees, it is strongly consistent and
have efficient ellipsoidal outer approximations (cf. actionability).

– Otherwise, embedding the empirical (conditional) distributions
into a Reproducing Kernel Hilbert Space is powerful direction.

Balázs Csanád Csáji Robust Inference with Kernels | 13



III. Independence Tests
for Stochastic Processes

by Resampling, Ranking and Reproducing Kernels
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Linear Stochastic Systems

– Consider two scalar (discrete-time, time-invariant) synchronous
(SISO) linear stochastic systems with general dynamics:

Yt = G1(q
−1; θ∗)Ut + H1(q

−1; θ∗)Et ,

Zt = G2(q
−1; γ∗)Vt + H2(q

−1; γ∗)Nt .

(examples include ARMAX, Box-Jenkins and output-error models)

– {Ut} and {Vt} are (exogenous) inputs

– {Yt} and {Zt} are (observable) outputs

– q−1 is the backward shift (lag) operator

– {Et} and {Nt} are possibly dependent process noises

– G1,H1, and G2,H2 are (rational, causal, monic) transfer functions

– θ∗ and γ∗ are the true finite dimensional parameters
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Independence Tests

– Goal: to test whether processes {Yt} and {Zt} are independent.

– Alternatively (straightforward to generalize): to test whether they
are conditionally independent given the exogenous inputs.

– Note that even though the two stochastic processes are “linear”,
however, the noises can have any type of nonlinear dependence.

– We seek a hypothesis test with distribution-free and finite sample
guarantees for any given (user-chosen) significance level α.

– We also want to find sufficient conditions for consistency, i.e., we
want to prove that the type II error probability tends to zero.

– Main idea: to generalize dependency measures (for i.i.d. data)
using non-asymptotic confidence regions and permutation tests.
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Key Assumptions

(A1) The true systems generating the observed outputs {Yt} and
{Zt} are in the model classes, that is, θ∗ ∈ Θ and γ∗ ∈ Γ.

(A2) The transfer functions G1, G2, H1 and H2 have known orders.

(A3) Filters H1 and H2 are invertible for all θ ∈ Θ and γ ∈ Γ.

(A4) Both systems are initialized in zero, formally, we have
Yt = Zt = Ut = Vt = Et = Nt = 0, for all t ≤ 0.

(A5) The systems are driven by a jointly i.i.d. innovation sequence
{(Et ,Nt)}∞t=1 from the (unknown) distribution of (E ,N).

(A6) The systems operate in open-loop: the inputs {Ut} and {Vt}
are independent of each other and the noises {Et} and {Nt}.
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Special Case: Known Parameters

– Under (A1)–(A6), processes {Yt} and {Zt} are independent if and
only if E and N are independent, hence it is sufficient to consider

H0 : QE ,N = QE ⊗ QN

H1 : QE ,N ̸= QE ⊗ QN

where QE ,N is the joint distribution of E , N with marginals QE , QN .

– If θ∗ and γ∗ are known, then we can compute the innovations by

Et = Et(θ
∗) = H−1

1 (q−1; θ∗)(Yt − G1(q
−1; θ∗)Ut),

Nt = Nt(γ∗) = H−1
2 (q−1; γ∗)(Zt − G1(q

−1; γ∗)Vt).

– The independence of variables E and N can be tested based on
the resulting i.i.d. sample, D0 = {(Et ,Nt)}nt=1.
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Resampling by Random Permutations

– We construct (resample) m − 1 alternative samples by

Dj = πjD0 = {(Ei ,Nπj (i))}
n
i=1, for j = 1, . . . ,m − 1,

where {πj}m−1
j=1 are permutations uniformly randomly generated from Sn.

– Sn is the symmetric group of degree n: it contains all permutations of
the set {1, . . . , n}; a permutation is selected with probability 1/(n!)

Key observations

– If H0 holds, then samples {Dj}m−1
j=0 are exchangeable.

– If H1 holds, then D0 and Dj have different distributions for j ̸= 0.
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Ranking Functions

– Let A be a measurable space, a function ψ : Am → [m ], where
[m ]

.
= {1, . . . ,m}, is called a ranking function if for

∀(a1, . . . , am) ∈ Am it satisfies the following two properties:

(P1) For all permutations µ of the set {2, . . . ,m}, we have

ψ
(
a1, a2, . . . , am

)
= ψ

(
a1, aµ(2), . . . , aµ(m)

)
,

that is the function is invariant with respect to reordering
the last m − 1 terms of its arguments.

(P2) For all i , j ∈ [m ], if ai ̸= aj , then we have

ψ
(
ai , {ak}k ̸=i

)
̸= ψ

(
aj , {ak}k ̸=j

)
.
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Uniform Ordering of Exchangeable Elements

Reminder: Resampling and Ranking Framework

– Resample the original dataset to obtain alternative samples randomly
generated according to a given hypothesis we are testing.

– Measure “similar” behavior with ranking.

– Accept the null hypothesis if the original dataset behaves “similarly”
to the alternatively generated ones and reject it otherwise.

Uniform Ordering Lemma

Let A1, . . . ,Am be exchangeable, almost surely pairwise different
random elements taking values in A. Then, ψ

(
A1,A2, . . . ,Am

)
has discrete uniform distribution on {1, . . . ,m}.
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Exact Hypothesis Tests

– Assume we are given a ranking function ψ (satisfying P1 and P2).

– Let r , p ∈ [m ] with r ≤ p be user-chosen hyper-parameters.

– We accept hypothesis H0 if and only if r ≤ ψ
(
D0, {Dk}k ̸=0

)
≤ p.

Theorem (Exact Type I Error Probability)

If H0 holds true, then we have for all ranking function ψ and
hyper-parameter ϱ = (m, r , p) with integers 1 ≤ r ≤ p ≤ m:

P
(
r ≤ ψ

(
D0, {Dk}k ̸=0

)
≤ p

)
=

p − r + 1

m
.

– The confidence level is user-chosen (rational), and exact.

– The resulting hypothesis test is distribution-free (independent of the
underlying distribution) and non-asymptotic (holds for finite samples).
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Dependence Measure: HSIC

Hilbert-Schmidt Independence Criterion (HSIC)

HSIC(QE ,N) = E[k(E ,E ′)ℓ(N,N ′)]

+ E[k(E ,E ′)]E[ℓ(N,N ′)]− 2E[k(E ,E ′)ℓ(N,N ′′)]

Empirical HSIC Estimator (Consistent)

HSICn(D0)
.
=

1

n2

∑
(i ,j)∈[n]2

k(Ei ,Ej)ℓ(Ni ,Nj)

+
1

n4

∑
(i ,j ,r ,s)∈[n]4

k(Ei ,Ej)ℓ(Nr ,Ns)−
1

n3

∑
(i ,j ,s)∈[n]3

k(Ei ,Ej)ℓ(Ni ,Ns)
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Dependence Measure: Distance Covariance

Distance Covariance (dCov)

dCov2(QE ,N)
.
= E

[ ∥∥E − E ′∥∥ ·
∥∥N − N ′∥∥ ]

+ E
∥∥E − E ′∥∥ · E

∥∥N − N ′∥∥− 2E
[ ∥∥E − E ′∥∥ ·

∥∥N − N ′′∥∥ ]
Empirical Distance Covariance Estimator (Consistent)

dCov2n(D0)
.
=

1

n2

n∑
j=1

n∑
k=1

Aj ,kBj ,k ,

Aj ,k = aj ,k − aj · − a·k + a··, where aj ,k = ∥Ej − Ek∥ ,

aj · =
n∑

k=1

aj ,k/n, a·k =
n∑

j=1

aj ,k/n and a·· =
n∑

j ,k=1

aj ,k/(n
2).
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Consistency of the Independence Test

(A7) A characteristic dependence measure ∆ and a consistent
empirical estimator is given such that for j ∈ [m − 1],

∆̂
(0)
n

p−−→ |∆(E ,N)| and ∆̂
(j)
n

p−−→ 0.

Dependence Measure-based Ranking

∆̂
(j)
n = |∆̂(Dj)| for j = 0, 1, . . . ,m − 1 and

ψ∆(D0, . . . ,Dm−1)
.
= 1 +

∑m−1

j=1
I
(
∆̂

(0)
n ≺σ ∆̂

(j)
n

)
Theorem (Consistency)

Assume (A1)–(A7) and that θ∗, γ∗ are given. Under H1 for r ≥ 1

P
(
ψ∆(D0, . . . ,Dm−1) ≤ r

) n→∞−−−−→ 1.
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General Case: Unknown System Parameters

– Let us have confidence sets Θ̂n and Γ̂n such that

P
(
θ∗ ∈ Θ̂n

)
≥ 1− β and P

(
γ∗ ∈ Γ̂n

)
≥ 1− β

hold for all n ∈ N and for a chosen significance level β ∈ (0, 1).

– For any candidate pair (θ, γ) ∈ Θ̂× Γ̂ let

Et(θ)
.
= H−1

1 (q−1, θ)
(
Yt − G1(q

−1, θ)Ut

)
,

Nt(γ)
.
= H−1

2 (q−1, γ)
(
Zt − G2(q

−1, γ)Vt

)
.

Dependence Measure-based Ranking

Dj(θ, γ) = {(Et(θ),Nπj (t)(γ))}
n
t=1 for j = 0, . . . ,m − 1,

ψ∆(θ, γ)
.
= 1 +

∑m−1

j=1
I
(
∆̂

(0)
n (θ, γ) ≺σ ∆̂

(j)
n (θ, γ)

)
.
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Non-Asymptotic Significance Level

– We reject the null hypothesis H0 if and only if for all θ ∈ Θ̂ and
γ ∈ Γ̂ parameters in the confidence sets, we have ψ∆(θ, γ) ≤ r .

Theorem (Non-Asymptotic Type I Error Probability Bound)

Assume (A1)–(A6). Let ψ be any ranking function, Θ̂ and Γ̂ be
confidence sets with significance level at most β. If H0 holds, then

P
(

max
(θ,γ)∈Θ̂×Γ̂

ψ∆(θ, γ) ≤ r
)
≤ r

m
+ 2β.

– The significance level is bounded by a user-chosen probability.

– This generalized construction is also distribution-free (independent of the
underlying distribution) and non-asymptotic (holds for finite samples).
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Sufficient Conditions for Consistency

(A8) Control inputs {Ut}, {Vt} and process noises {Et}, {Nt} are
(almost surely) included in a Césaro space for p = ∞, i.e., for
{Wt} ∈ {{Ut}, {Vt}, {Et}, {Nt}} we have

∥W ∥c(∞)
.
= sup

n∈N

1

n

n∑
t=1

|Wt | < ∞.

(A9) Lipschitz condition: there a.s. exist K , ε̃ > 0 such that

∥E (θ∗)− E (θ)∥c(∞) ≤ K · ∥θ∗ − θ∥ ,

for θ ∈ B(θ∗, ε̃), and respectively for N(γ), where γ ∈ B(γ∗, ε̃).

(A10) The confidence sets are uniformly consistent, i.e., for all ε > 0
there a.s. exists an N0 ∈ N such that for all n > N0 both
Θ̂n ⊆ B(θ∗, ε) and Γ̂n ⊆ B(γ∗, ε).
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Consistency of the Independence Test

(A11) The dependence measure estimator ∆̂ is Lipschitz continuous
around (θ∗, γ∗), i.e., ∃C ,

≈
ε > 0 such that

|∆̂
(
Dj(θ∗, γ∗)

)
− ∆̂

(
Dj(θ, γ)

)
|

≤ C ·
(
∥E (θ∗)− E (θ)∥c(∞) + ∥N(γ∗)− N(γ)∥c(∞)

)
for θ ∈ B(θ∗,

≈
ε ), γ ∈ B(γ∗,

≈
ε ) and j = 0, . . . ,m − 1.

Theorem (Vanishing Type II Error Probability)

Assume (A1)–(A11). If H1 holds true, then

P
(

max
(θ,γ)∈Θ̂×Γ̂

ψ∆(θ, γ) ≤ r
)

n→∞−−−−→ 1.
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Numerical Experiments: AR(1) Processes

(a) Ranks: Dist.Cov. (b) Rotated Mixture (c) Power function

(d) Ranks: HSIC (e) Extinct Gauss (f) Power function

Balázs Csanád Csáji Robust Inference with Kernels | 30



Summary

– We presented a resampling-and-ranking framework for robust inference.

– We demonstrated the framework with a distribution-free hypothesis test
for the independence of two synchronous linear stochastic systems.

– The test only needs a finite single trajectory of (paired) observations.

– The innovations can have arbitrary marginal distributions, and the
constructed test can detect any nonlinear dependence between them.

– It performes the resampling by randomly permuting the residuals.

– The test has non-asymptotic user-chosen type I error probability bounds.

– Two ranking techniques were suggested for the test based on potent
dependence measures (in particular: HSIC and distance covariance).

– Besides the exact quantification of the type I error probabilities, we
argued that the test is also consistent (its power converges to one).
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(Non-official) Motivation

• My attempt to understand training process of neural networks

• I strongly believe that the topology of the network plays an important 
role

• Typically overlooked by the ML community

• Lacking lots of mathematical understanding

12/08/2025 Hungarian ML workshop 2025 3



Roadmap

• Node-Path Balancing Principle (NeurIPS’23 & ICLR’25)

• Graphon Neural Tangent Kernel (under submission)
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(Official) Motivation

Size of SOTA AI models over time

Favours small number of large 
corporates and rich 

governments
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Motivation (cont’d)

Democratising AI? Technological independence?

Need for small-scale but efficient AI models
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Motivation (cont’d)

A new hope

The lottery ticket hypothesis
(Frankle & Carbin, ICLR 2019)

https://www.linkedin.com/posts/hesamsheikh_machinelearning-
neuralnetwork-datascience-activity-7224451268801396736-woD9/

Large, dense -> small, sparse
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Pruning neural networks

https://www.linkedin.com/pulse/why-lottery-ticket-hypothesis-important-practitioners-michele-de-vita/

Idea: train the NN, then prune it without losing performance

Issue: very costly compute (cost of training dense network + pruning + evaluation)

Usage: inference phase
12/08/2025 Hungarian ML workshop 2025 8



• Common PaI techniques identify prunable connections before 
training*:

• Random Pruning

• Magnitude Pruning: 

• SNIP: 

These methods are heuristic since all fail with simple sanity checks: re-
initialization, layer-wise shuffling connections, etc.,

• GraSP:

• SynFlow:

Pruning at Initialisation (PaI)

Idea: why not prune BEFORE training (sic!) 
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Node-Path Balancing (Pham et al., NeurIPS 2023)

• Effective path: A path connecting 
input neuron with output neuron

• Effective node: A node on at least 
one effective path
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The Node-Path Balancing (NPB) principle

• It hypothesizes a good sparse network should have:
• high number of paths 

• high number of nodes (neurons, kernels, etc., )

• Goal: find pruned network with high number of effective paths and 
nodes
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The NPB principle (cont’d)

• NBP dominates the others in performance

• Pareto front on eff. node vs. eff. Paths (empirical justification of NPB)

• Issue: discrete optimisation component -> hard to solve + non-smooth 
integration Hungarian ML workshop 2025 12



Differential pruning at Initialisation – DPaI (Xiang et al., ICLR’25)

• Differential PaI (DPaI) extends NPB to continuous optimisation
• Relaxes hard to soft masking:                             , then

• Reformulates node and path objectives via soft masks

The number of incoming paths to a node

The number of outgoing paths from a node

A node is effective when 

Pruning: Update s by GD on node, path objectives

differentiable

13



Differential pruning at Initialisation – DPaI (cont’d)

Convergence of DPaI, we optimize soft mask w.r.t.

• Node objective only (nodes, kernel)
• Path objective only 
• NPB objective
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Graphon based pruning (Pham et al., under submission’25)

• Previous methods optimise masks given the network structure (topology)

• We further ask:

• Is there underlying topological patterns behind pruning method?

• Can we optimise the topology directly?

Idea: use graphon theory

• Graphons offer a tool to move from discrete to continuous masks

• If a graphon exists for each pruning method, we can analyse the training 
dynamics of sparse networks in infinite-width setting.
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Graphon

• Graphon is a symmetric, measurable function            

It serves as a limiting object of sequence of dense graphs
•                : the probability of connection between nodes u and v 
• Think of graphon as a “heat map” of adjacency matrix (original graph = step function)

• Cut Distance measures the global similarity and is invariant to node 
relabelling

• Convergence in Cut Distance: a sequence of graphs            converges to a 
graphon        if their step-function representation               converge to        in 
cut distance:

12/08/2025 16



The Graphon Limit Hypothesis

Given a sparsity level, each 
network pruning method 
defines sequences of binary 
masks that converges layer-
wisely to graphons in cut 
distance as the network width 
is increased to infinity.

Each method converges to a 
unique and characteristic graphon 
structure.
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Inspiration: Neural Tangent Kernel (NTK)

Definition:

where the network has infinite-width limit and weight 

When network’s width                  , NTK converges to:

where           and            are activation covariance and derivative covariance

NTK is a useful tool for studying the dynamics of infinitely wide neural networks

12/08/2025 Hungarian ML workshop 2025 18



Sparse network analogy: Graphon NTK

• NTK works on dense network in infinite-width setting

• Graphon is representation of sparse network in infinite-width

• Graphon + NTK analysis to analyse training dynamics of SNNs

Discrete Continuous
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Graphon NTK – Pre-activation Covariance

NTK

Graphon NTK

Graphon NTK modulates prev. layer’s activation covariance with graphon function 

• Position-dependent covariance structures

• Creating non-uniform signal propagation through the network

• Connectivity strengths determined by graphon values

Previous layer activation covariance

where
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Graphon NTK – Deterministic Kernel

NTK
             where
       
Graphon NTK

• Graphon function shapes the kernel through position-dependent connectivity
• Analysing how connectivity pattern in sparse NNs affects learning dynamics
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Example: Graphon NTK for homogeneous graphons

• Our framework recovers and generalises previous finding in Yang et. 
al., (AISTATS’23)

• Random Pruning corresponds to constant graphon                         , 
where 𝑠 is connection density

• Graphon NTK simplifies to a scaled version of dense NTK:

• Random Pruning uniformly scales down the learning speed across all 
eigen-directions
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Graphon NTK – Experiments 

Graphon NTK from SNIP/SynFlow have high energy concentration at top eigenvalues

• SNIP/SynFlow sparse network learn faster at beginning of training than Random ones
12/08/2025 Hungarian ML workshop 2025 23



Graphon NTK – Experiment 

Increasing sparsity level slows down training speed!
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Future Directions for graphon based pruning

• Graphon-Guided Pruning: Design new algorithms that directly optimise for a 
graphon with desirable spectral properties (Pham et al., on-going work)

• Continuous Optimisation: Move from discrete mask selection to optimising 
in the continuous space of graphons.

• Broader Architectures: Extend the framework to other architectures like 
Transformers and CNNs.
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Lichuan Xiang
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Dynamical systems

link

link

link

link

y(t)

x(t)

Maps input time-series (sequence) to output time-series (sequence)

t-time (position in the sequence).

Mathematical models: difference/differential equations
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Dynamical systems

Maps input time-series (sequence) to output time-series (sequence)

t-time (position in the sequence).

Mathematical models: difference/differential equations{
ṡ(t)

s(t + 1)

}
= f (s(t), x(t))

y(t) = h(s(t), x(t))

y(t)

x(t)

Goal: from observed data x , y learn a model (difference/differential
equation).

Examples: RNN (Recurrent Neural Networks), deep SSM
(Mamba), neural ODEs
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Learning dynamical systems: motivation, challenges

Motivation: we need model for predidction and decision making,
e.g. foundational models, feedback control, etc.

Old problem: time-series forecasting, system identification
(control).

Dynamical systems are used in safety critical applications: need
statistical guarantees.

Challenges:

possibly non i.i.d. data (time-series)

hidden states: depend on an increasing number of inputs.

unbounded data.
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Learning problem for dynamical systems

X – input-space, Y output space.

x(t) ∈ X – input process, y(t) ∈ Y – output process,

t ∈ T =

{
Z discrete-time
R+ continuous-time

Hypotheses:
H ⊆ { functions of the form h :

⋃
t∈T(X× Y)[0,t) → Y}.

h({x(s), y(s)}0≤s<t) – prediction of output y(t) based on
past values of the inputs and outputs.

Example: dynamical systems{
ŝ(t + 1)
d
dt ŝ(t)

}
= f (ŝ(t), x(t),

If past measurements of labels are available︷︸︸︷
y(t) ), ŝ(0) = ŝ0,

h({x(s), y(s)}0≤s<t) := g(ŝ(t)).
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Learning problem for dynamical systems

Loss function: ` : Y× Y→ [0,+∞)

`(y(t), h({x(s), y(s)}0≤s<t)) difference between the output
predicted by h ∈ H and true output.

`(y , y
′
) = (y − y ′)2 (`2 loss), `(y , y ′) = |y − y ′| (`1 loss).

True error for a hypothesis h:
Fixed final time prediction error:

L(h) = E[`(y(T ), h({x(s), y(s)}0≤s<T ))]

Long-term prediction error:

L(h) = lim
T→∞

E[`(y(T ), h({x(s), y(s)}0≤s<T ))]
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Learning problem

Learning problem: find h? ∈ H such that L(h?) is small from

Single time series (discrete-time) sample from
{(x(t), y(t))}0≤t<N

Multiple time-series (discrete- or continuous time) sample
from i.i.d variable {(xi (t), yi (t))}t∈[0,T ] i = 1, . . . ,N, having
the same distribution as (x, y).

Solution:
Define the empirical error for hypothesis h:

L̂N(h) =

{
1
N

∑N−1
t=0 `(y(t), h({x(s), y(s)}0≤s<t)) single time-series

1
N

∑N
i=1 `(y(T ), h({xi (s), yi (s)}0≤s<T )) multiple time-series

Let h? be such that
(
L̂N(h) + regularization term

)
is small.

Question:

What can we say about the true error L(h?) ?
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Generalisation bounds

Desired results:

P(L(h?) ≤ L̂N(h?)︸ ︷︷ ︸
known from data

+ r(N, δ, . . .)︸ ︷︷ ︸
functions of N, δ

) > 1− δ

Typically, we want: r(N, δ, . . .) = C ln(1/δ)+1√
N

Ways to derive it:

PAC bounds.

PAC-Bayesian bounds.

Bounds specific to certain learning algorithms.
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PAC (Probably Approximately Correct) bounds

P(∀h ∈ H : L(h)− L̂N(h) < C
ln(1/δ) + 1√

N
) > 1− δ

The bound holds for all h, thus for the learned model h? too.

Conceptually easy, but conservative.

E.g.: for RNNs learned from N i.i.d. time series of length T , PAC
bounds are exponential in T .
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PAC-Bayesian bound

for any prior distribution π on models, any λ > 0

P
(

for any posterior ρ : Eh∼ρL(h) < Eh∼ρL̂N(h)+

+
1

λ

[
KL(ρ | π) + ln(

1

δ
) +

λCπ√
N

])
> 1− δ

KL(ρ | π) – KL divergence, ρ - posterior distribution on models

Getting generalisation bounds:

choose a prior π, a data-dependent posterior distribution ρN
s.t. KL(ρN | π) < O(

√
N).

Learned model h?: sample/mean/max. likelihood of ρN .

Choose λ = O(
√
N)

P

(
L(h?) ≤ L̂N(h?) + C̃

ln(1/δ) + 1√
N

)
> 1− δ.

Works for learning with regularisation (encoded by π).
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Learning based on PAC-Bayesian error bounds

Learn by

1 find a posterior ρ = ρ̂N and a parameter λ = λN such that

Eh∼ρ[L̂N(h)] +
1

λ

[
KL(ρ | π) + ln(

1

δ
) +

λCπ√
N

]
is small.

2 h? is one of the following:

h? random sample from ρ̂N , or
most likely model, i.e. h? = suph∈H ρ̂N(h), or
h? is the mean model Eh∼ρ̂N [h].

Explicit formula for ρ̂N .

Analytic bound (with high probability) on the generalization gap

L(h?)− L̂N(h?)
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Learning with PAC-Bayesian bounds and maximal
likelihood

KL divergence based bound: explicit formula for ρ̂N (Gibbs
posterior)

ρ̂N(h) =
1

Z
e−λL̂N(h)π(h)

ρ̂N = argmin
ρ

(
Eh∼ρL̂N(h) + KL(ρ‖π)

)

Relationship with maximum likelihood and prediction error
minimisation

ĥ = argmax
h∈H

ρ̂N(h) = argmin
h∈H

(
L̂N(h)− 1

λ
ln(π(h))

)

Using prior π introduces assumption on the model structure, it can
be viewed as a regularisation
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PAC-Bayesian bounds: Inequalities for models chosen from
the posterior

With a probability at least (1− 2δ) over the data and over all
samples h? drawn from ρ̂N ,

L(h?) ≤ L̂N(h?) +
ln ρ̂N(θ?)

π(θ?
+ ln

1

δ
+ Cπ

√
N
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PAC-Bayesian to PAC boounds

If π is uniform or Gaussian N (hm,P), loss L-Lipschitz,
PAC-Bayesian gives for any estimate ĥ

L(ĥ) ≤ L̂N(ĥ) +
2σ2L√

N
+

C (ĥ) + ln
1

δ
+ Cπ

√
N

with probability at least 1− 2δ over data, where

C (h) =
1

2

(σ2trace(P−1)√
N

− nh+

(h − hm)TP−1(h − hm) + ln
det(P)

√
N

σ2

)
if π is Gaussian, and C = ln

√
N

nh

vol(Θ)

(
√
π0.25σ2

nhΓ(nh/2+1)
if π is uniform

distribution.

13/29 Mihály Petreczky Statistical guarantees for learning dynamical systems



Stable dynamical systems as data generators and models

Data generator: Lyapunov stable systems

sg (t + 1) = fg (sg (t), eg (t)), eg - bounded i.i.d. noise.[
y(t)
x(t)

]
= hg (sg (t), eg (t))

Stability: small past perturbations in the past do not lead to large
errors in the future.

Hypothesis: stable dynamical systems parametrized by θ

ŝ(t + 1) = fθ(ŝ(t), x(t), y(t)), ŝ(0) = ŝ0,

ŷ(t | 0) := h({x(s), y(s)}0≤s<t) := gθ(ŝ(t)).

Data generator and predictors can be RNNs.
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Learning problem for a single time-series

Learning data:

sample {x(t), y(t)}Nt=0 of the process {x(t), y(t)}Nt=0.

Empirical loss:

L̂N(θ) ,
1

N

N−1∑
i=0

`(y(t), h({x(s), y(s)}0≤s<t)).

True error: long-term prediction error

L(h) = lim
T→∞

E[`(y(T ), h({x(s), y(s)}0≤s<T ))]
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Long-term prediction error ⇐⇒ prediction error in
stationary regime

Data generator stable: x, y stationary, ergodic, weakly dependent.

Stationary regime of the predictor (using infinite past):

ŝ(t + 1) = fθ(ŝ(t), x(t), y(t)), ŝ(−∞) = 0,

ŷθ(t) = hθ(ŝ(t), x(t)).

Due to stability ŝ(t) is stationary, and

L(θ) = E[`(ŷθ(t), y(t))]
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Example: RNNs

data generators is an RNN with ‖Ag‖2 < 1

sg (t + 1) = ReLu (Agsg (t) + Kgeg (t) + Bgx(t))[
y(t)
x(t)

]
= tanh (Cgsg (t) + Fgeg (t))

hypotheses are RNNs with parameters (weights) θ = (A,B,K ,C )
‖A‖2 < 1

ŝ(t + 1) = ReLu (Aŝ(t) + Bx(t) + Ky(t)) , ŝ(0) = 0

h({x(s), y(s)}0≤s<t) = tanh (C ŝ(t))
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Example: linear systems

Data generator: stable linear system

sg (t + 1) = Agsg (t) + Kgeg (t),[
y(t)
x(t)

]
= Cgsg (t) + eg (t)

‖Ag‖2 < 1 and eg i.i.d. white noise.

Predictors: stable linear systems parametrised by θ ∈ Θ (Â(θ) has
all its eigenvalues inside the unit circle)

ŝ(t + 1) = Â(θ)ŝ(t) + B̂(θ)x(t) + K̂ (θ)y(t), ŝ(0) = 0,

h({x(s), y(s)}0≤s<t) = Ĉ (θ)ŝ(t).
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Example: for linear systems data generator is the best
predictor

If no feedback (Granger-causality) from y to x, then the data
generator is a noisy input-output model:

s(t + 1) = As(t) + Bx(t) + Ke(t),

y(t) = Cx(t) + e(t)

A,B,K ,C ,D are one-to-one functions of Ag ,Kg ,Cg and the
predictor

ŝ(t + 1) = (A− KC )ŝ(t) + Bx(t) + Ky(t), x̂(0) = 0,

h({x(s), y(s)}0≤s<t) = C ŝ(t).

gives the minimal true loss.

Learning data generator ⇐⇒ finding best predictor
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PAC-Bayesian bounds for non-linear systems

Theorem (Eringis & et al. 2024)

For all λ > 0, δ ∈ [0, 0.5), for all priors π

P
(
∀ρ : Eh∼ρL(h) ≤ Eh∼ρL̂N(h) + rN(λ, π, ρ, δ)

)
> 1− 2δ

rN(λ, π, ρ, δ) ,
1

λ

[
KL(ρ||π) + ln

1

δ
+

λ√
N
Cπ

]
where Cπ depends on the prior π and on the class of predictors.

Bounds can be computed. Extensions to unbounded linear RNNs
(Eringis & et al, 2024).

Proof: Donsker-Varadhan change of measure + McDiarmid
inequality for weakly dependent processes.
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PAC bound for learning ODEs from multiple time-series

Predictors: stable bilinear ODEs (have universal approximation
property), use only input x,

ṡ(t) = A(θ)s(t) +
m∑
i=1

Ni (θ)s(t)xi (t) + B(θ)x(t),

h({x(s)}0≤s<t) = C (θ)s(t), s(0) = 0.

(x, y) bounded random variable, values of x are functions on [0,T ].

Training data: bounded (x1, y1), . . . (xN , yN) i.i.d. random
variables distributed as (x, y).

Empirical error:

L̂N(h) =
1

N

N∑
i=1

`(yi (T ), h({xi (s)}0≤s<T )))

True error final-time prediction error

L(h) = E[`(y(T ), h({x(s)}0≤s<T ))
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PAC bound: diffferntial equations

H2 norm of predictors (control theory):

sup
t
|h({x(s)}0≤s<t)| ≤ (H2 norm)‖x‖L2 .

Theorem (Rácz et. al, 2024)

Hypothesis class H: stable bilinear differential equations
whose H2 norm is bounded by C.

P

(
∀h ∈ H : L(h)− L̂N(h) < C

ln(1/δ) + 1√
N

)
> 1− δ

C- does not depent on T , depends on the maximal H2 norm of the
parametrization , decreases with stability.
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Idea of the proof

Classical Rademacher complexity for i.i.d data + kernel trick:

h({x(s)}0≤s<t) = Volterra kernel expansion (control theory):
∞∑
k=1

m∑
i1=1

· · ·
m∑

ik=1

∫ t

0

∫ τ1

0
· · ·
∫ τk

0
C (θ)eA(θ)(t−τ1)Ni1(θ)eA(θ)(τ1−τ2)×

· · · × Nik−1
(θ)Bik (θ)xi1(τ1) · · · xik (τk)dτ1 · · · dτik =

< wθ,Φ(x) >H

H – suitable Hilbert space (combination of L2 and `2), Φ
embedding of x into H.

Need stability for the scalar product < wθ,Φ(u) >H to be
well-posed, H2 norm is the norm of wθ in H.
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PAC bound: Deep SSM

Predictors (in discrete time): deep SSM (Mamba) is a composition

h({x(s)}0≤s<T ) = fθ,1 ◦ · · · ◦ fθ,k({x(s)}0≤s<T )

where fθ,i is either elementwise MLP:

fθ,i ({x(s)}0≤s<t) = MLP appplied to x(t),

or fθ,i ({x(s)}0≤s<t is a stable linear dynamical system:

ŝ(t + 1) = Âi (θ)ŝ(t) + B̂i (θ)x(t), ŝ(0) = 0,

fθ,i ({x(s)}0≤s<t) = Ĉi (θ)ŝ(t).

and fθ,i for i > 1 is interpreted as a sequence-to-sequence map

tth element of the output sequence =

value of fθ,i for the first t elements of the input sequence

(x, y) bounded random variable.
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Learning problem for deep SSM

Training data: (x1, y1), . . . (xN , yN) distributed as (x, y).

Empirical error:

L̂N(h) =
1

N

N∑
i=1

`(yi (T ), h({xi (s)}0≤s<T )))

True error final-time prediction error

L(h) = E[`(y(T ), h({x(s)}0≤s<T ))

` – `2, `1
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PAC bound: Deep SSM

Theorem (Rácz et. al, 2024)

P

(
∀h ∈ H : L(h)− L̂N(h) < C

ln(1/δ) + 1√
N

)
> 1− δ

C- does not depent on T , grows with the depth of the model
(deep SSM), decreases with stability (H2 norm) of the linear layers.

Proof: Rademacher complexity, extension of contraction lemma
(Rademacher contraction), linear systems are bounded linear
operators
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Main idea of the proof

ŝ(t + 1) = Âi (θ)ŝ(t) + B̂i (θ)x(t), ŝ(0) = 0,

fθ,i ({x(s)}0≤s<t) = Ĉi (θ)ŝ(t).

H2 norm of the ith layer (control theory): norm of the linear
system as a bounded operator from inputs to outputs:

Rademacher complexity of the ith layer ≤
maximal H2 norm of the ith layer×
× Rademacher complexity of the previous layers
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Extension of existing results

Model class Unbounded Dependent Independence
data data of trajectory

length

PAC-Bayes for linear RNN X X X
[Eringis et al., 2024]

PAC-Bayes for RNN X X
[Eringis et al. 2024]

PAC for deep SSM X
[Rácz et al. 2024]

PAC for selective SSM X
neural ODE,
[Rácz et al. 2024]

Algorithm specific X X
bound for linear
swicthed RNN
[Rácz et al. 2025]
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Conclusions

We have formulated PAC(-Bayesian) bounds for dynamical
systems.

Main challenges:

non i.i.d. data,
unbounded data,
varying number of past observations.

Stability is crucial.
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Proof: KL divergence for nonlinear systems

Introduce empirical loss with infinite past:

VN(θ) =
1

N

N−1∑
t=0

‖y(t)− ŷθ(t)‖2
2

Error systems:

s̃e(t + 1) = fθ,e(s̃e(t), eg (t)), s̃e(0) suitable

y(t)− ŷθ(t | 0) = hθ,e(s̃e(t), eg (t))

s̃e(t) is composed of the state of the data generator and the model.

Error system is stable: there exists a unique solution s̃s(t) for
t ∈ Z to which any solution converges exponentially

s̃s(t + 1) = fθ,e(s̃s(t), eg (t))

y(t)− ŷθ(t) = hθ,e(s̃s(t), eg (t))
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Proof: KL divergence for nonlinear systems

Donsker-Varadhan change of measure inequality for KL divergence:
With probability at least 1− δ

∀ρ ∈Mπ : Eθ∼ρVN(θ) ≤ L̂N(θ) +
1

λ

(
DKL(ρ‖π) + ln

1

δ
+ Ψ1(λ, π,N)

)

∀ρ ∈Mπ : Eθ∼ρL(θ) ≤ VN(θ) +
1

λ

(
DKL(ρ‖π) + ln

1

δ
+ Ψ2(λ, π,N)

)

Ψ1(λ, π,N) = lnEθ∼πE[e2λ(VN(θ)−L̂N(θ))]

Ψ2(λ, π,N) = lnEθ∼πE[e2λ(L(θ)−VN(θ))],
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Proof: KL divergence for nonlinear systems

Consider the error system:

s̃s(t + 1) = fθ,e(s̃s(t), eg (t))

y(t)− ŷθ(t) = hθ,e(s̃s(t), eg (t))

Its output is weakly dependent [Dedecker & Doukhan] with mixing
coefficient θ∞,N(1) which can be computed from the error system.

Apply McDiarmid for weakly dependent processes [Rio 2000]

E[eλ(L(θ)−VN(θ))] ≤ e
λ2C1(θ)2

N

Direct computation using control theory:

E[eλ(LN(θ)−VN(θ))] ≤ e
λC2(θ)2

N
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Numerical example

10
0

10
1

10
2

10
3

10
4

10
5

10
-2

10
-1

10
0

randomly generated (state-convergent) Data Generator:

sg (t + 1) = ReLu

([
0.52 0.23
0.23 −0.52

]
sg (t) +

[
−0.82 −0.45
0.36 −0.96

]
eg (t) +

[
0.38
−0.06

])
[
y(t)
x(t)

]
= tanh

([
0.05 −0.10
−0.11 0.01

]
sg (t) +

[
0.09 −0.11
0.05 −0.16

]
eg (t) +

[
−0.53
−0.79

])
Predictors: like the generator, i.e. using ReLu and tanh activation functions,

and 2 hidden states, everything is parametrised.
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Machine Learning Meets
Microbiology: Challenges and

Opportunities
Anna Kerekes



From Math to Machine Learning: My Research Journey

Education
BSc & MSc in Mathematics
PhD Student at ETH Zürich
Currently on an exchange year at the Max Planck Institute, Tübingen

Research Interests
Theoretical Machine Learning

Why does Adam lead to good minima in multi-task learning?
Understanding causality in time series

Machine Learning in Healthcare
Developing new treatments and diagnostic tools using ML



Microbial Communities in the Human Body

What is a Microbial Community?
 A group of microorganisms—such as bacteria, fungi, or viruses—that live
together in a shared environment and interact with one another.

Where Are They Found in the Body?
Gut
Skin
Mouth
Vaginal tract (and more)



Why Do They Matter?
Our health is tightly connected to the composition and function of these
microbiomes
Gut microbiome is linked to insulin resistance [1]
Vaginal microbiome is linked to reproductive health [2]

How Are Microbiomes Characterized?
Cultures
Sequencing-based approaches:

16S rRNA sequencing
Whole genome sequencing

[1] Caricilli AM, Saad MJ. The role of gut microbiota on insulin resistance. Nutrients. 2013 Mar 12;5(3):829-51. doi: 10.3390/nu5030829. PMID: 23482058; PMCID: PMC3705322.
[2] Gao, X., Lee, V., Prom-Wormley, E. et al. The Vaginal Microbiome: Disease, Genetics and the Environment. Nat Prec (2011). https://doi.org/10.1038/npre.2011.5150.2

Microbial Communities in the Human Body



16S rRNA in Bacterial Identification

Part of the rRNA sequence of bacteria
Contains highly conserved regions → allows reliable detection across
species.
Contains highly variable regions → enables classification and
differentiation of bacteria.

Properties:
Cheap to sequence
High noise levels
Limited resolution

Image came from: https://microbenotes.com/16s-rrna-gene-sequencing/



Data Structure:
Count table with high dimensionality
One sample is a very long vector (~400
species)

Data Characteristics:
Sparse vector = most values are 0 or close to 0
Some values are very large
Counts ≠ number of bacteria → data usually
needs to be normalized

16S rRNA in Bacterial Identification



Interaction Graphs

Assumptions:
Most distribution patterns can be
described by ecological reasons
Co-occurrence → positive relationship
(e.g., cross-feeding, co-aggregation
in biofilms)
Mutual exclusion → negative
relationship (e.g., predator-prey,
competition)

Graphs are built from similarities.
Types:

Simple edges
More complex edges

Image came from: https://microbenotes.com/16s-rrna-gene-sequencing/

https://www.nature.com/articles/nrmicro2832


Context:
Multiple samples from one patient 
Usually a limited number of timepoints and
patients (e.g., 10 timepoints, 1000 patients)
Normalized data (16S rRNA)
Interest in interaction graphs

Questions & Challenges (Time Series Forecasting
with Neural Networks):

Interactions might be harder to extract
Might not be enough data
Noise can be an issue
The approach is not yet widely applied

Time Series Modeling



Alternative method:
Lotka-Volterra equation → a simple
differential equation popular in the
ecological community
Works on absolute count data
Our data: relative counts, which require
adjustment before applying this method

Time Series Modeling: LOTKA-VOLTERRA EQUATION



A SOLUTION TO RELATIVE COUNTS

Relative Lotka-Volterra: A Novel Approach for Modeling Microbiome Dynamics from Relative Abundance Data Tristan Gollmart, Anna Kerekes, André Kahles, Gunnar Rätsch
https://www.bc2.ch/programme



Summary
Example



Example Project

Background:
UTIs are a common and recurrent condition
Standard treatment involves antibiotics
High recurrence rates remain a challenge
Project Goal: Develop a novel, more effective treatment

What is available?
16S rRNA time series from many patients
Some other modalities, e.g., cultures, clinical data

What Can We Contribute as Machine Learning Experts?

Background information came from: https://theloopzurich.ch/en/projekte/mtorus/ 



What can we do as Machine learning experts?

Classification
Build models that find patients who will relapse (from one sample or time series)

Graphs
Find similarity-based graphs
Find causal graphs?

Time-series
Learning to forecast microbial communities (normalized, noisy, short, sparse, and
high-dimensional time series)
Can we learn forecasting models that also learn interpretable interactions? (LV)
Incorporate uncertainty (noisy data)
Build forecasting models that incorporate multi-modality (e.g., cultures, clinical data)

And so much more....
Background information came from: https://theloopzurich.ch/en/projekte/mtorus/ 



Collaborators

Thank you to Tristan Gollmart, André Kahles and Gunnar Rätsch!



Thank you! 
Questions?

Anna Kerekes: akerekes@ethz.ch



Tamás K. Stenczel, 2025 Aug 13, Hungarian Machine Learning Days

Optimal Transport for Atom 
Assignment in Materials 
Chemistry



Roadmap

• Motivation & problem


• Background: chemical reaction modelling


• Toy problem: Ag adatom


• Optimal transport & adaptations


• 3D problem: Si double interstitial structures


• Outstanding questions & ongoing work


• Conclusion



Motivation & Goal

• Find atom-assignment between reactant & products


• Most research takes it for granted


• Obvious / by-hand / not attempted


• Can test assignments, combinatorial number to try


• Goal: Have a small number (~10) of assignments to try



Chemical reactions



Chemical Reactions
“Just like hiking”



Chemical Reactions
“Just like hiking”

• Can walk long distances


• Don’t like climbing


• Readily slide down hillsides



Chemical Reactions
“Just like hiking”

• Can walk long distances


• Don’t like climbing


• Readily slide down hillsides

Looking for mountain passed



Chemical Reactions

• Goals:


• Energy difference


• Barrier & mechanism


• Using:


• Reactant & product structure


• Energy model (e.g. ab-initio, MACE, etc.)



Chemical Reactions
Path refinement

• Path: array of images


• Locally variational


• Many mature methods: NEB, GSM
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• Initialisation: interpolation, geodesic 
paths, recent MACE-based methods



Chemical Reactions
Path refinement & initialisation

• Path: array of images


• Locally variational


• Many mature methods: NEB, GSM


• Initialisation: interpolation, geodesic 
paths, recent MACE-based methods

Used as a tool here. 



Ag adatom



to

Extra Ag atom movement on Ag surface
“toy problem”



Extra Ag atom movement on Ag surface
Which atoms can be involved?



Extra Ag atom movement on Ag surface

• Adatom moves or interaction with the surface?


• Heuristics applicable


• Easy/known mechanisms



Extra Ag atom movement on Ag surface





Optimal Transport



Optimal Transport
Monge -  ca. 1784

• Move mass between measures at minimal cost 


• Given cost matrix C(i,j) 


• Combinatorial complexity


• Transport plan: no splitting of mass

Graphics: https://optimaltransport.github.io/ & https://arxiv.org/abs/1803.00567

https://optimaltransport.github.io/
https://arxiv.org/abs/1803.00567


Optimal Transport
Kantorovich - 1942

• Allow splitting of mass: coupling P(i,j)


• Linear Program: O(N^3) complexity

Graphics: https://optimaltransport.github.io/ & https://arxiv.org/abs/1803.00567

https://optimaltransport.github.io/
https://arxiv.org/abs/1803.00567


Optimal Transport
Entropic regularisation

• Add a regularisation term to the problem:


• Iteratively solvable: Sinkhorn 

Graphics: https://optimaltransport.github.io/ & https://arxiv.org/abs/1803.00567

https://optimaltransport.github.io/
https://arxiv.org/abs/1803.00567


OT for atom assignment
Ag example

• Cost fn: Eucledian distance to power p
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OT for atom assignment
Ag example

• Cost fn: Eucledian distance to power p


• Solve entropy regularised problem


• Vary p & ε - explore


• Choose top permutation matrices: 
<latexit sha1_base64="6sjth+14mx2oXztDi7sASIYSWWI=">AAACJnicbVDLSgMxFM34rPU16tJNsBUqSJnporoRim5cVrAP6JQhk6ZtbJIZkoxYhn6NG3/FjYuKiDs/xUw7C209EHJyzr3c3BNEjCrtOF/Wyura+sZmbiu/vbO7t28fHDZVGEtMGjhkoWwHSBFGBWloqhlpR5IgHjDSCkY3qd96JFLRUNzrcUS6HA0E7VOMtJF8+6pY9Dh68hNP0QFH0KMC1onkJXE2gZ6KuZ/Q84eUpnb2qM/vYtG3C07ZmQEuEzcjBZCh7ttTrxfimBOhMUNKdVwn0t0ESU0xI5O8FysSITxCA9IxVCBOVDeZrTmBp0bpwX4ozREaztTfHQniSo15YCo50kO16KXif14n1v3LbkJFFGsi8HxQP2ZQhzDNDPaoJFizsSEIS2r+CvEQSYS1STZvQnAXV14mzUrZrZard5VC7TqLIweOwQkoARdcgBq4BXXQABg8g1cwBe/Wi/VmfVif89IVK+s5An9gff8AmFykog==</latexit>

max
ω→Perm(n)

∑

i,j

ωi,jPi,j



OT for atom assignment
Ag example

• Cost fn: Eucledian distance to power p


• Solve entropy regularised problem


• Vary p & ε - explore


• Choose top permutation matrices:


• Find transition paths using NEB!

<latexit sha1_base64="6sjth+14mx2oXztDi7sASIYSWWI=">AAACJnicbVDLSgMxFM34rPU16tJNsBUqSJnporoRim5cVrAP6JQhk6ZtbJIZkoxYhn6NG3/FjYuKiDs/xUw7C209EHJyzr3c3BNEjCrtOF/Wyura+sZmbiu/vbO7t28fHDZVGEtMGjhkoWwHSBFGBWloqhlpR5IgHjDSCkY3qd96JFLRUNzrcUS6HA0E7VOMtJF8+6pY9Dh68hNP0QFH0KMC1onkJXE2gZ6KuZ/Q84eUpnb2qM/vYtG3C07ZmQEuEzcjBZCh7ttTrxfimBOhMUNKdVwn0t0ESU0xI5O8FysSITxCA9IxVCBOVDeZrTmBp0bpwX4ozREaztTfHQniSo15YCo50kO16KXif14n1v3LbkJFFGsi8HxQP2ZQhzDNDPaoJFizsSEIS2r+CvEQSYS1STZvQnAXV14mzUrZrZard5VC7TqLIweOwQkoARdcgBq4BXXQABg8g1cwBe/Wi/VmfVif89IVK+s5An9gff8AmFykog==</latexit>

max
ω→Perm(n)

∑

i,j

ωi,jPi,j





Si double-interstitial



Si double-interstitial
2 extra atoms in a Si cell

• 6 known structures


• Diffusion path known & verified for the ground state


• Transitions not studied between ground & excited states yet (AFAIK)

https://doi.org/10.1103/PhysRevX.8.041048



Si double-interstitial: diffusion
Known diffusion mechanism

• Known since 2006


• Hand-crafted, from intuition and from 
other structures: e.g. tri-interstitial


• MACE-MP reproduces these results

Diffusion mechanisms for silicon di-interstitials

Yaojun A. Du,* Richard G. Hennig, and John W. Wilkins
Department of Physics, Ohio State University, Columbus, Ohio 43210, USA

!Received 6 October 2005; revised manuscript received 4 May 2006; published 12 June 2006"

Tight-binding molecular dynamics and density-functional simulations on silicon seeded with a di-interstitial
reveal its detailed diffusion mechanisms. The lowest-energy di-interstitial performs a translation/rotation
diffusion-step with a barrier of 0.3 eV and a prefactor of 11 THz followed by a reorientation diffusion step
with a 90 meV barrier and a 2300 THz prefactor. The intermediate reorientation steps allow di-interstitials to
diffuse isotropically along all possible #111$ bond directions in the diamond lattice. The dominating diffusion
barrier of 0.3 eV is not inconsistent with the experimental value of 0.6±0.2 eV. In addition, this lowest energy
di-interstitial may diffuse to neighboring sites through an intermediate structure which is the bound state of two
single interstitials. The process in which migrating single interstitials combine into a di-interstitial is exother-
mic with almost zero energy barrier.

DOI: 10.1103/PhysRevB.73.245203 PACS number!s": 61.72.Ji, 66.30.Lw, 71.15.Mb, 71.15.Pd

I. INTRODUCTION

Defects in the semiconductor can limit the performance of
electronic devices. The simulation of semiconductor devices
requires accurate defect properties. In the silicon manufac-
turing process, the ion-implantation induced interstitials can
precipitate into extended %311& defects.1 Despite considerable
efforts, the nucleation and growth of these extended struc-
tures are not completely understood.2–4 On the other hand,
the growth from single interstitials to the extended structures
is a multistep process. In this work we study the first step of
that process, the diffusion of di-interstitials, and their forma-
tion from single interstitials in silicon.

Electron paramagnetic resonance !EPR" experiments have
associated the so-called P6 center with a di-interstitial defect
in crystalline silicon.5,6 Applying uniaxial stress on neutron-,
proton- or ion-implanted silicon, Lee5,6 attributes the EPR
P6 center to a di-interstitial aligned close to the #001$ direc-
tion. An activation energy of 0.6±0.2 eV is extracted from
the motion of the P6 center under an external uniaxial stress
at temperatures of 370 and 344 K, respectively.5 The low
activation barrier indicates that this di-interstitial is highly
mobile. However, the exact atomic configurations of di-
interstitials and associated diffusion paths cannot be resolved
experimentally due to their small size.7 The revelation of the
dynamics of di-interstitials relies on numerical simulations.

Based on density-functional calculations, Kim et al.8 pro-
posed a structure, I2

a, for the di-interstitial defect in silicon
and related its C1h symmetry and the estimated 0.5 eV dif-
fusion barrier to the experimental results for the P6 center.
Moreover, Kim’s results indicate that the I2

a diffuses via a
reorientation mechanism.8 The I2

a structure is believed to be
the lowest-energy di-interstitial. Earlier molecular dynamics
!MD" simulations by Gilmer et al.9 with a classical po-
tential10 estimated an activation energy of 0.2 eV for di-
interstitials. Posselt et al.11 show that the motion of di-
interstitials within a %110& plane could result in this low ac-
tivation energy of 0.2 eV. Recently, Cogoni et al.12 calcu-
lated an activation barrier of 0.89 eV for di-interstitials by
temperature-accelerated molecular-dynamics simulations13

with the Kwon et al.14 tight-binding !TB" potential. Their

results suggest a given di-interstitial can hop along three of
the six possible #110$ directions.12 Hence, previous theoreti-
cal works conflict in both diffusion mechanism and diffusion
barrier for di-interstitials.

This work addresses the conflicts between previous work
by examining several plausible diffusion pathways. The dif-
fusion mechanism of the compact tri-interstitial15 inspires an
initial path for the diffusion mechanism of the I2

a di-
interstitials. Nudged-elastic band !NEB" calculations16,17 us-
ing density functional methods18–20 refine the transition path
and determine the diffusion barriers of the path connecting
the three lowest energy di-interstitial structures found in pre-
vious tight-binding molecular dynamics simulations.2 Har-
monic transition state theory21 determines the diffusion rates.
The calculations are performed with the Vienna AB-INITIO
Simulation Package !VASP".18,19 Details of the methods22 are
described in our previous work15 on the diffusion mechanism
of tri-interstitial defects in silicon.

We find that the di-interstitial ground state structure I2
a can

diffuse back and forth to a neighboring site with a diffusion
barrier of 0.3 eV and can reorient with a barrier of only
0.09 eV such that the di-interstitials can perform a
translation/rotation along all four possible #111$ bond direc-
tions in the diamond lattice with intermediate reorientation
steps. The formation of I2

a from two single interstitials is
strongly exothermic with a negligible energy barrier and the
capture radius between two single interstitials is about 3.2 Å.

II. THREE LOWEST-ENERGY DI-INTERSTITIALS

Richie et al.2 studied the dynamics of di-interstitials and
identified the three lowest-energy di-interstitials I2

a, I2
b, and I2

c

in tight-binding molecular dynamics !TB-MD" simulations
for 64+2 atom cells. Verified by density-functional relax-
ations within 216+2 atom supercells, the I2

a structure is the
ground state di-interstitial with a formation energy of
2.83 eV/atom, and I2

b and I2
c are the excited state di-

interstitial with formation energies of 3.23 eV/atom and
3.22 eV/atom, respectively.2

Figure 1 shows the results of the density of states calcu-
lations for the three di-interstitial structures I2

a, I2
b, and I2

c

PHYSICAL REVIEW B 73, 245203 !2006"

1098-0121/2006/73!24"/245203!5" ©2006 The American Physical Society245203-1

https://doi.org/10.1103/PhysRevB.73.245203



Si double-interstitial: diffusion
Matching explored

• Follow previous OT protocol


• Only 7 high-ranking assignments to try



Ongoing work & Open Questions



Open Questions
• Periodicity:


• Translational symmetry - entire cell moving as as action


• Path not through the closest boundary


• Cost does not account for path: atoms clashing mid-way (dynamical formulation)


• Path initialisation: using the coupling & cost fn from OT (not needed yet)


• Exhaustive exploration of p & ε - understand structure, phase transitions?


•
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Finding interesting mathematical objects with ML

Adam Zsolt Wagner

Google DeepMind

Hungarian Machine Learning Days 2025

Adam Zsolt Wagner Finding interesting mathematical objects with ML Aug, 2025



Goal of the talk

Proofs are important in mathematics, but for many problems this is not
the focus.

Finding ’good’ constructions is often the crucial bit.

Counterexamples to conjectures

Knowing the optimal constructions for large parameters let us spot
patterns

Lead to exploration, new conjectures, new theorems

“The methods for coming up with useful examples in mathematics . . . are
even less clear than the methods for proving mathematical statements.”
— Gil Kalai.

I am interested in simple, useful ML tools that we can give
mathematicians to use, to search for such objects.

Adam Zsolt Wagner Finding interesting mathematical objects with ML Aug, 2025



Simplest possible approach: Reinforcement Learning

Conjecture

For any graph G, we have λ1(G ) + µ(G ) ≥
√
n − 1 + 1.

Refuted in 2010, but smallest counterexample found has 600 vertices.

Game: for each edge, decide whether to include it in the graph of not

Reward: λ1 + µ (minimize).

Run our simple algorithm for n = 19:

Constructions in combinatorics via neural networks,
https://arxiv.org/abs/2104.14516

Adam Zsolt Wagner Finding interesting mathematical objects with ML Aug, 2025



Example 1

Conjecture

For any graph, λ1 + µ ≥
√
n − 1 + 1.

Constructions in combinatorics via neural networks,
https://arxiv.org/abs/2104.14516

Adam Zsolt Wagner Finding interesting mathematical objects with ML Aug, 2025



Example 1

Constructions in combinatorics via neural networks,
https://arxiv.org/abs/2104.14516

Adam Zsolt Wagner Finding interesting mathematical objects with ML Aug, 2025



More involved applications

Conjecture (Erdős, 1962)

The function
K4(G ) + K4(Ḡ )

is asymptotically minimized by random graphs.

Thomason (1989): This is false!

How can we refute such conjectures using RL?

Solution: “blowing up”! Construct a finite graph G , so that G × Km is a
counterexample as m → ∞.

limm→∞
K4(G×Km)+K4(G×Km)

m4 depends only on G , and there is an easy
formula for it. This will be our reward function.

Run RL for n = 34 −→ find a counterexample.

Adam Zsolt Wagner Finding interesting mathematical objects with ML Aug, 2025



A counterexample – joint work with Gwen Joret

Adam Zsolt Wagner Finding interesting mathematical objects with ML Aug, 2025



Pros and cons

How useful is this simple RL setup in pure maths research?
Pros:

Simple and fun baseline method that can be thrown at a large class of
problems

Occasionally it works...

Cons:

...but most of the times it doesn’t.

Very slow, doesn’t scale well

Often doesn’t perform better than simpler methods

It works well on a niche subfield of algebraic graph theory:
Ghebleh–Al-Yakoob–Kanso–Stevanović (2024) found counterexamples to
30 out of 68 conjectures they tried.

Adam Zsolt Wagner Finding interesting mathematical objects with ML Aug, 2025



The isosceles triangle problem

With a small change, we can make this method work a lot better in
practice.

Question (Erdős)

How many points can we choose in the N × N grid, without choosing
three points that satisfy d(a, b) = d(b, c), i.e. without creating any
isosceles triangles?

Let this maximum be f (N). Barely anything is known about f (N), it
would be helpful to know see the best constructions for N = 64, say.

Charton, Ellenberg, W., Williamson PatternBoost: Constructions in Mathematics
with a Little Help from AI https://arxiv.org/abs/2411.00566

Adam Zsolt Wagner Finding interesting mathematical objects with ML Aug, 2025



The isosceles triangle problem

We create a large database of good 64× 64 constructions, using standard
local search methods.

We train a simple transformer model (Makemore) on these, and then
generate more constructions like those in the dataset.

The model finds new good constructions much more frequently. We can
feed these back into the local search method, and repeat.

Idea: alternating the local and global steps yields good results

Charton, Ellenberg, W., Williamson PatternBoost: Constructions in Mathematics
with a Little Help from AI https://arxiv.org/abs/2411.00566

Adam Zsolt Wagner Finding interesting mathematical objects with ML Aug, 2025



The isosceles triangle problem
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Figure: f (64) ≥ 110
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Local-Global

Transformer: global picture

Local search: local fixes

In practice, we iterate this learn → generate → local search loop
several times, always replacing the training set with the new best
constructions. No need to retrain the model from scratch every time.

Charton, Ellenberg, W., Williamson PatternBoost: Constructions in Mathematics
with a Little Help from AI https://arxiv.org/abs/2411.00566
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Question (Erdős et al)

What is the smallest spanning subgraph of the n-cube Qn that has
diameter n?

There is a simple construction with only 2n +
( n
⌊n/2⌋

)
− 2 edges, this was

conjectured 30 years ago to be optimal.

Local search: given a graph, do trivial local fixes to make it better

If diameter > n then add random edges to it
If diameter = n then try to remove edges from it without increasing
diameter

Global step: train a model on the best constructions, generate more
constructions like them

Plug the new constructions back into the local search. Repeat.

Charton, Ellenberg, W., Williamson PatternBoost: Constructions in Mathematics
with a Little Help from AI https://arxiv.org/abs/2411.00566
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The counterexample

Figure: A diameter 6 subgraph of Q6 with 81 edges
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Searching in language-space

Local search = if a construction is good, try other constructions that are
close to the original one. But what does “close” mean?

Standard local search: add/delete a few edges, change a handful of
numbers slightly, etc

Local search in language space: “close” means whatever the LLM
thinks “close” means.

When is this useful?

1. In the mathematics we humans care about, constructions often have a
short description

2. We can use this setup to find efficient search functions that find good
constructions

FunSearch. Mathematical discoveries from program search with large language
models by Romera-Paredes et al., Nature, 2023

AlphaEvolve: A coding agent for scientific and algorithmic discovery by Novikov et
al., 2025, in collaboration with Terence Tao and Javier Gomez-Serrano
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FunSearch example

Problem

At most how many edges can a graph have, that has 50 vertices, and no
triangles or cycles of length 4?
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The best of both worlds

Previous example: find a python code that generates a good
construction directly

Examples earlier in the talk: what kind of codebase can find good
constructions quickly?

Let’s combine both: we can try to find a search function that finds the
best possible construction within a fixed time limit

“Local search in the space of search functions”

This will find the best heuristic search function for your problem
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Evolving a chain of search functions

One more trick: when evaluating a search function, we can initialize the
search at the best construction we have found so far.

The result is a chain of search heuristics, evolved automatically, that when
applied one after another, yields a good construction.

This turns out to be a good black box optimizer for many math problems
(but interpretability goes out the window)
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AlphaEvolve examples
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AlphaEvolve examples

Adam Zsolt Wagner Finding interesting mathematical objects with ML Aug, 2025



AlphaEvolve examples

What is the smallest hexagon one can fit n unit hexagons into?

None of these results are impossible to obtain with standard tools. They
just substantially reduce the amount of effort needed.
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Comparing battle plans with AlphaEvolve

Expert advice: how much does this help and how to do it best?

We came up with the following arbitrary problem to test this with:

Problem

Find a graph with 50 vertices, that maximises the quantity
#edges + 5 (#triangles - (#4cycles - 5)2)

This problem is completely arbitrary, hopeless to solve by hand. We asked
three of our colleagues to spend 2/5/30 minutes on this problem, and
write down some general advice that we will give to AlphaEvolve.
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Comparing battle plans with AlphaEvolve

Adam Zsolt Wagner Finding interesting mathematical objects with ML Aug, 2025



Comparing battle plans with AlphaEvolve

Each experiment retained the original advice’s characteristics, but evolved
them into a stronger version

AlphaEvolve takes whatever idea you give to it, and tries to squeeze as
much out of it as possible. This gives us an easy way to compare different
strategies
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What problems are a good fit for these tools?

If we put a thousand eager undergraduates in a room and give them this
problem, how likely is it that they will succeed?

AlphaEvolve is like having 1000 eager undergraduates in a room, who
are excited to work on your problem

They will read every possible paper they think is related, and try to
combine the ideas in them in all sorts of crazy ways, whether they
understand them or not

They will zoom in on any idea that gets them a high score

If a problem can be solved this way, then AlphaEvolve will do well on it. If
the problem needs genuine new ideas, AlphaEvolve will probably not find it.
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IN COLLABORATION WITH
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THE GOALS OF TRANSLATION
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ACCURACY
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ACCURACY
Translation carries the meaning of the source text

4.1



ACCURACY
Translation carries the meaning of the source text
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NATURALNESS
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NATURALNESS
Translation sounds good in target language

5.1



NATURALNESS
Translation sounds good in target language
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MEASURING TRANSLATION
QUALITY
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INGREDIENTS
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INGREDIENTS
Have dataset of source text

7.1



INGREDIENTS
Have dataset of source text
Have dataset of human reference translations
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INGREDIENTS
Have dataset of source text
Have dataset of human reference translations
Translation system  to translate source textQy∣x
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HUMAN EVALUATIONS
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HUMAN EVALUATIONS
Multidimensional Quality Metrics (MQM) [2]
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HUMAN EVALUATIONS
Multidimensional Quality Metrics (MQM) [2]
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CLASSIC AUTOMATED METRICS
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CLASSIC AUTOMATED METRICS
Examples: BLEU, chrF
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CLASSIC AUTOMATED METRICS
Examples: BLEU, chrF

Purely symbolic: compare to human reference
translation
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CLASSIC AUTOMATED METRICS
Examples: BLEU, chrF

Purely symbolic: compare to human reference
translation

✅ simple
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CLASSIC AUTOMATED METRICS
Examples: BLEU, chrF

Purely symbolic: compare to human reference
translation

✅ simple

❌ limited by the human reference
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NEURAL METRICS
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NEURAL METRICS
Examples: MetricX, Comet
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NEURAL METRICS
Examples: MetricX, Comet

Large language model-based: predict MQM scores
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NEURAL METRICS
Examples: MetricX, Comet

Large language model-based: predict MQM scores
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NEURAL METRICS
Examples: MetricX, Comet

Large language model-based: predict MQM scores

✅ Jointly assess accuracy and naturalness
10.4



FEEDING TWO BIRDS WITH ONE
SCORE

11



FEEDING TWO BIRDS WITH ONE
SCORE

Should we assess accuracy and naturalness jointly?
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FEEDING TWO BIRDS WITH ONE
SCORE

Should we assess accuracy and naturalness jointly?
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FEEDING TWO BIRDS WITH ONE
SCORE

Should we assess accuracy and naturalness jointly?
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FEEDING TWO BIRDS WITH ONE
SCORE

Should we assess accuracy and naturalness jointly?

Table from WMT24 findings paper [1].
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WHERE WE ARE
❌ No formal notion of accuracy or naturalness
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WHERE WE ARE
❌ No formal notion of accuracy or naturalness
❌ Their interaction not well understood
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WHERE WE ARE
❌ No formal notion of accuracy or naturalness
❌ Their interaction not well understood
❌ Community uses single-score assessments
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WHERE WE ARE
❌ No formal notion of accuracy or naturalness
❌ Their interaction not well understood
❌ Community uses single-score assessments
❌ Results don't seem to align with human evals
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INFORMATION THEORY TO THE
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RESCUE

💡 Blau and Michaeli [3] already solved a similar issue!
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Accuracy  Distortion↔
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INFORMATION THEORY TO THE
RESCUE

💡 Blau and Michaeli [3] already solved a similar issue!

Accuracy  Distortion↔

Naturalness  Realism/Distinguishability↔
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INGREDIENTS
Source sentence x
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INGREDIENTS
Source sentence x
Translation system Qy∣x
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INGREDIENTS
Source sentence x
Translation system Qy∣x

Reference translation yr ∼ Qhuman
y∣x
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INGREDIENTS
Source sentence x
Translation system Qy∣x

Reference translation yr ∼ Qhuman
y∣x

Hypothesis/candidate yc ∼ Qy∣x
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ACCURACY
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ACCURACY
Distortion metric: Δ(x, yr, yc) ≥ 0
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ACCURACY
Distortion metric: Δ(x, yr, yc) ≥ 0
Accuracy: average negative distortion
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ACCURACY
Distortion metric: Δ(x, yr, yc) ≥ 0
Accuracy: average negative distortion
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NATURALNESS: INTUITION
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NATURALNESS: INTUITION
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NATURALNESS: DEFINITION I
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NATURALNESS: DEFINITION I
Identify naturalness with distinguishability
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NATURALNESS: DEFINITION I
Identify naturalness with distinguishability
We pick a reference distribution Ry
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NATURALNESS: DEFINITION I
Identify naturalness with distinguishability
We pick a reference distribution Ry
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NATURALNESS: DEFINITION II
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NATURALNESS: DEFINITION II
Translation marginal Qy = Ex∼Px

[Qy∣x]
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NATURALNESS: DEFINITION II
Translation marginal Qy = Ex∼Px

[Qy∣x]
Distinguishability is equivalent to statistical
distance D(Qy, Ry)
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NATURALNESS: DEFINITION II
Translation marginal Qy = Ex∼Px

[Qy∣x]
Distinguishability is equivalent to statistical
distance D(Qy, Ry)

N(Qy∣x) = −D(Qy, Ry)

19.3



THE DIVERGENCE
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THE DIVERGENCE
Let P(f) = EX∼P [f(X)]
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THE DIVERGENCE
Let P(f) = EX∼P [f(X)]

Integral probability metric (IPM):

IPMF [Q∥P ] = sup
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|Q(f) − P(f)|

Optimal critic f ⋆
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THE DIVERGENCE
Let P(f) = EX∼P [f(X)]

Integral probability metric (IPM):

IPMF [Q∥P ] = sup
f∈F

|Q(f) − P(f)|

Optimal critic f ⋆

f ⋆ = argmaxf∈F |Q(f) − P(f)|

20.5



THE EQUIVALENCE
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THE EQUIVALENCE
Set . Then:ϵ = P[b = 1]
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THE EQUIVALENCE
Set . Then:ϵ = P[b = 1]

L(b, α) = {

−α/ϵ if b = 1
α/(1 − ϵ) if b = −1
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THE EQUIVALENCE
Set . Then:ϵ = P[b = 1]

L(b, α) = {

−α/ϵ if b = 1
α/(1 − ϵ) if b = −1

Then:
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THE EQUIVALENCE
Set . Then:ϵ = P[b = 1]

L(b, α) = {

−α/ϵ if b = 1
α/(1 − ϵ) if b = −1

Then:

RL
F = inf

f∈F
E[L(b, f(yb))] = −IPMF [Q∥P ]

21.4



ARE PERFECT ACCURACY AND
NATURALNESS THE SAME?
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ARE PERFECT ACCURACY AND
NATURALNESS THE SAME?
Perfect naturalness  perfect accuracy?⇒
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ARE PERFECT ACCURACY AND
NATURALNESS THE SAME?
Perfect naturalness  perfect accuracy?⇒

Perfect accuracy  perfect naturalness?⇒
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ARE PERFECT ACCURACY AND
NATURALNESS THE SAME?
Perfect naturalness  perfect accuracy?⇒

Perfect accuracy  perfect naturalness?⇒

No, according to Blau and Michaeli's setup [3]
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ARE PERFECT ACCURACY AND
NATURALNESS THE SAME?
Perfect naturalness  perfect accuracy?⇒

Perfect accuracy  perfect naturalness?⇒

No, according to Blau and Michaeli's setup [3]
No, according to our setup [4]
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WHAT IS THE TRADEOFF LIKE?
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WHAT IS THE TRADEOFF LIKE?
Accuracy-naturalness function:
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WHAT IS THE TRADEOFF LIKE?
Accuracy-naturalness function:
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WHAT IS THE TRADEOFF LIKE?
Accuracy-naturalness function:

 is non-increasingA(N)
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WHAT IS THE TRADEOFF LIKE?
Accuracy-naturalness function:

 is non-increasingA(N)
If  convex in first slot, then  concaveD A(N)
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APPROXIMATING THE CURVE
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APPROXIMATING THE CURVE
💡 Use LLM scores to judge the translations!
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APPROXIMATING THE CURVE
💡 Use LLM scores to judge the translations!

🤔 Does this correspond to some ?D(Q, P)
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APPROXIMATING THE CURVE
💡 Use LLM scores to judge the translations!

🤔 Does this correspond to some ?D(Q, P)

EN  DE: I’ve wanted to fly since I was a child.→
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APPROXIMATING THE CURVE
💡 Use LLM scores to judge the translations!

🤔 Does this correspond to some ?D(Q, P)

EN  DE: I’ve wanted to fly since I was a child.→
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WHERE IS THE SOTA?
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WHERE IS THE SOTA?
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WHERE IS THE SOTA?

Close to the curve, accuracy and naturalness anti-
correlate
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WHERE IS THE SOTA?
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WHERE IS THE SOTA?
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THE ISSUE AND THE FIX
IPMF [Q∥P ] = supf∈F |Q(f) − P(f)|
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Let f ∼ P

27.3



THE ISSUE AND THE FIX
IPMF [Q∥P ] = supf∈F |Q(f) − P(f)|

❌  depends on !f ⋆ Q

✅ Fix: average instead of maximising

Let f ∼ P

Dp(Q, P ∣ P) = P(|Q − P |p)1/p

= Ef∼P[|Q(f) − P(f)|p]1/p

27.4



SOME INTERESTING PROPERTIES

28
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✅  a metric under some sensible conditionsDp
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SOME INTERESTING PROPERTIES
✅  a metric under some sensible conditionsDp

✅ Can estimate without knowing :Q

D1(Q, P ∣ P) ≈
1

N

N

∑
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∑
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MP
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SOME INTERESTING PROPERTIES
✅  a metric under some sensible conditionsDp

✅ Can estimate without knowing :Q

D1(Q, P ∣ P) ≈
1

N

N

∑

n=1

(

MQ

∑

m=1

fn(Xm)

MQ

−
MP

∑

m=1

fn(Y

MP

✅ When  is a GP,  corresponds to MMDP D2
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✅ Proposed a formal definition of accuracy and

naturalness
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CONTRIBUTIONS
✅ Proposed a formal definition of accuracy and

naturalness
✅ Extended the theory of Blau and Michaeli
✅ Showed that tradeoff must exist in practice
✅ Assessed the performance of the current state-

of-the-art
✅ Showed connection between no-reference

metrics and statistical distances

29.5
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https://github.com/attila-ac/hyperlocal/

NSA novelnon-mathematician

mostly wrong but getting better

window of opportunity for humans

open to solve 


deep research math problems
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What’s on the table?
Total Length: ~125 Pages

Main Argument (Manuscript 
Foundations & Proof): ~80 Pages

Appendices (Support & 
Verification): ~40 Pages


Foundational Work (~35%)

The Core Argument (~40%)

Validation and Heuristics (~25%)


Versions out: 3 big, 8 in total


Aiming for easy verifiability


Core Proof: 10 top logical steps 

~ 120-140 distinct logical steps


The Setup & Foundations (~30-35 steps)
Hypothesis (~2 steps)
Geometric Consequence: The Quartet (~5 steps)
Algebraic Consequence: The Factorization (~20 steps)
Dynamic Consequence: The Recurrence (~5-10 steps)
Analytical Proof of Instability (~20 steps)
Problem Reduction (~4 steps)
Derivation of Algebraic Constraints (~15 steps)
The Final Contradiction (~10 steps)
The Conclusion (~3 steps)

Estimation: 4 * 2 hours ~ 7- 8 hours at a chalkboard
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Expectations on what to & no to achieve in 25 minutes3

XNo point delivering proof, 

mid-game, endgame

Hopefully some will study manuscript

Opening: main idea 

behind hyperlocal framework/strategy

No point drowning 

in proof technicalities X

problems around problem

AI lessons, tips, opportunities

Introduce RHNo prime consequences X

Project history, stats

Roles of books, walks and failures Case Studies
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f(s̄) = f(s) for all s in its domain

Reality Condition (RC) and Conjugate Symmetry

<latexit sha1_base64="Z28C4KzHSfGv6qcS7ytaae0h0E4=">AAACJHicbVDLSgMxFM34rPU16tJNsIjtpsyIVEGEohuXFewDOkPJpJk2NDMZkoxYhn6MG3/FjQsfuHDjt5iZzsK2XgicnHPPTe7xIkalsqxvY2l5ZXVtvbBR3Nza3tk19/ZbkscCkybmjIuOhyRhNCRNRRUjnUgQFHiMtL3RTaq3H4iQlIf3ahwRN0CDkPoUI6WpnnnpPNKy4yGROGLITyYVeAUdrh3pwCQTU74ymeGt9Gr1zJJVtbKCi8DOQQnk1eiZH06f4zggocIMSdm1rUi5CRKKYkYmRSeWJEJ4hAakq2GIAiLdJFtyAo8104c+F/qECmbsX0eCAinHgac7A6SGcl5Lyf+0bqz8CzehYRQrEuLpQ37MoOIwTQz2qSBYsbEGCAuq/wrxEAmElc61qEOw51deBK3Tql2r1u7OSvXrPI4COARHoAxscA7q4BY0QBNg8ARewBt4N56NV+PT+Jq2Lhm55wDMlPHzC5lZo4g=</latexit>

⇠(⇢̄0) = ⇠(⇢0) = 0 = 0

<latexit sha1_base64="UFVM1cD43FJyT1vbP6vy4fh5XXw=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVQlChQWpgoWxIPqQmqiyXae16jiR7SC1UWYWfoWFAYRY+QI2/ga3zQAtR7J8dM69uvceHHOmtON8W4Wl5ZXVteJ6aWNza3vH3t1rqiiRhDZIxCPZxkhRzgRtaKY5bceSohBz2sLD64nfeqBSsUjc61FM/RD1BQsYQdpIXftwDC+hh5FMxxn0WBDAsfkE9EKkBxind1nXLjsVZwq4SNyclEGOetf+8noRSUIqNOFIqY7rxNpPkdSMcJqVvETRGJEh6tOOoQKFVPnp9JQMHhulB4NImic0nKq/O1IUKjUKsamcbKjmvYn4n9dJdHDhp0zEiaaCzAYFCYc6gpNcYI9JSjQfGYKIZGZXSAZIIqJNeiUTgjt/8iJpnlbcaqV6e1auXeVxFMEBOAInwAXnoAZuQB00AAGP4Bm8gjfryXqx3q2PWWnBynv2wR9Ynz/lQZnM</latexit>

z = z̄ () z 2 R



The Riemann Hypothesis (RH) Conjecture

1859

<latexit sha1_base64="+zpgUr7aRKl2buVHig+CmzF2cCQ="></latexit>

⇣(s) = 2s⇡s�1 sin
⇣⇡s

2

⌘
�(1� s)⇣(1� s)

<latexit sha1_base64="2fIPg8lGjIEM3HdpW3J8Xc+UY1w="></latexit>

⇠(s) :=
1

2
s(s� 1)⇡�s/2�

⇣s
2

⌘
⇣(s)

<latexit sha1_base64="PtBuFAhlA6DQ4Fci6qqBZPVzyW8="></latexit>

⇣(s) =
1X

n=1

1

ns

| {z }
Complex Analysis

=
Y

p prime

1

1� p�s

| {z }
Number Theory

, for Re(s) > 1
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⇠(s) = ⇠(1� s)
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Case Study 1: Multiplicity of Non-Trivial Zeros 
smallest non-negative integer where derivative does not vanish

Simple Zero Conjecture: All Zeta Complex Zeros are Simple


All proof attempts not handling all zero orders are conditional upon SZC

6



Majority opinion in math community: RH is very likely true

<latexit sha1_base64="m+FKXefnrjNaA6IBc/xlZ9iJH2Y="></latexit>

Prime counting function up to x,⇡(x), closely approximated by log integral: ⇡(x) ⇡ Li(x)

<latexit sha1_base64="b9Ti/1rVX6hKSoN5kpKTNTRDKew="></latexit>

RH is equivalent to stating this error is tightly bounded: |⇡(x)� Li(x)| = O(
p
x log x)

weighted prime-counting function

1. ~3 trillion confirmed

2. natural reformulations/equivalences

3. other zeta function theorems

Nothing like the P versus NP problem, much more concrete

<latexit sha1_base64="RRn5Yql9seuRj6HQSH4qDxT7uu0="></latexit>

 (x) ⇡ x|{z}
The ”Signal”

(Predictable Average Trend)

�
X

⇢

x⇢

⇢
| {z }

The ”Noise”
(Corrective Waves from Zeros)
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2023/24 realisation: Window of Opportunity is Open

1. likely true

2. demand is high as no pro 

mathematician has solved it 
in last 160+ years


3. maybe amateurs do have non-
zero chances


4. AI speed-up of proof testing 
and formulation

8



Why Me: Biology + Philosophy -> Math

independence/time allocation

Zygote

latest project Cell Tree Age/Calculus

obsession

experimental spirit, critical anomalies, diagnostics

working on biological aging professionally: almost intractable

amateur with fresh eyes & zero credit to loose

philosophy, logic, proof crafting, NSA

9



Timeline/Stats

2023 Fall 2024 

December

2025 

February

2025 

March

2025 

April

2025 

June

2025 

August

3+ failed 

versions

Quartet Zero

Diagnostics

Hyperlocal

Turnvoice

1000 hours ~ 125 workdays  ~ 6 months of workdays ~ 3 calendar months full time

Failed 

Fourier

Distributional

approach

Algebraic 

Geometry

Topology

Complex

Analysis

20+ bigger fixes

Abstract

Algebra

100+ llm threads
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Working on Deep Research Math can be Healthy
11



Team: Non-Standard Human PI with sub-standard AI ‘students’

'author extends critical gratitude to some llm versions of some tech companies 
for providing knowledge shortcuts and assistance in proof formulation, 
significantly expediting the process of original human creativity' 

Me: PI, 

machines: my more or less capable 'students' 

trying some subtasks but without egos, 

need machines to unpack and dress up my own 
thoughts for doing my math creatively and freely

12



Problems around the Conjecture: Mathematicians think its far away

Kambei Shimada: ‘You embarrass me. You're overestimating me. 

Listen, I'm not a man with any special skill, but I've had 


plenty of experience in battles; losing battles.’


13



Problems around the Conjecture: considered ‘lunatic’ territory
14



Twin Problem around RH for Amateurs: Mathematical Sociology

easy to hit a wall Incentive 

Typical reactions

from mathematicians:

prove something else first…

prove yourself first…


show how smart you are…

do something else…


forget about it…

are you crazy…

amateur fake proof attempts 

flooded market, 


no good peer review system in 
place

15



Trigger #1 of Hyperlocal Framework: Failure of earlier approaches

Proof of the Riemann Hypothesis via Zeropole Geomet-

rical Balance

Attila Csordas, AgeCurve, Cambridge, UK, 08/12/2024, v2.0

The Riemann Hypothesis (RH) states that all non-trivial zeros of the Riemann zeta

function ⇣(s) lie on the critical line: <(s) = 1
2 . Here we give a preliminary condensed proof

soon followed by detailed explanations to stand up to mathematical scrutiny.

Proven premises, reformulation, zeropole conceptual framework

1. Hadamard Product Formula expresses the complete zeropole structure of the analyt-

ically continued Riemann Zeta, with explicit infinite product terms for a., all ⇢ non-trivial

complex zeros b., trivial zero-derived poles at s = �2k, k 2 N+
and c., an expontential

stabiliser term for original Dirichlet pole at s = 1. All these zeropoles are simple.

⇣(s) =
Y

⇢

✓
1� s

⇢

◆
e

s
⇢

1Y

k=1

✓
1� s

�2k

◆
ebs,

2. Hardy/Littlewood proved that there are countably infinite ⇢-s on the critical line.

3. Hadamard product encodes a perpendicular geometrical zeropole structure of ⇣(s)
between trivial poles on the real line aligned in one-to-one correspondence with non-trivial

zeros on the critical line, both sets of cardinality @0.

4. Zeropole neutrality, conceptual zeropole framework. In the functional equation

of ⇣(s) establishing critical line symmetry, the term sin
�
⇡s
2

�
gives 0 at s = 0, while ⇣(1� s)

term retains the Dirichlet pole from ⇣(1). This dual role exemplifies zeropole neutrality,

where the pre-analytic continuation Dirichlet pole morphs into a balance of ”zero-like” and

”pole-like” contributions. Hadamard product at s = 0 gives ebs = 1 neutralising the Dirichlet

pole leaving geometrical perpendicularity of non-trivial and trivial zeropoles intact.

5. The Riemann-inequality `(D) � deg(D) + 1� g establishes a connection between the

formal sum of zeros and poles of a meromorphic function (divisor D), on a Riemann surface,

the dimension `(D) of such functions associated with the divisor, the algebraic degree of the

divisor deg(D) and genus g blending complex analysis, algebraic geometry and topology.

Proof

Setup. Compactify ⇣(s) on theRiemann sphere (g = 0) for divisor construction and topo-

logical minimality via Riemann inequality. This ensures a complete geometric framework

and connects geometric zeropole perpendicularity with algebraic cancellation while pre-

serving properties of ⇣(s) so proof directly applies to classical RH.

1. Riemann inequality simplifies to `(D) � deg(D) + 1 due to (g = 0).

2. Divisor components: Non-trivial zeros (+1), Trivial poles (�1), Dirichlet pole (�1).

3. Degree compute: deg(D) = +@0�@0�1 = �1. Cancellation due to same @0 cardinality.

4. Minimality. Substituting deg(D) = �1 into Riemann equality yields : `(D) � �1+1 =

0. satisfying the inequality exactly. This represents the minimal zeropole configuration

consistent with the divisor structure, not allowing other non-trivial meromorphic functions to

exist. An o↵-critical zero disrupts zeropole balance, increases the degree and forces `(D0
) > 0,

contradicts the minimality and uniqueness of ⇣(s).
) All non-trivial zeros of ⇣(s) lie on the critical line: <(s) = 1

2 . QED.

Lessons


•don’t use global properties unchecked

•don’t use aleph-null zeros

•don’t use algebraic geometry

•don’t use topology
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Trigger #2 of Hyperlocal Framework: Off-Zero Quartet Diagnostics
<latexit sha1_base64="taTafOV01IB5wAwpOK8IYQY9mNE="></latexit>

Q⇢0 = { ⇢0|{z}
�+it

, ⇢̄0|{z}
��it

, 1� ⇢0| {z }
1���it

, 1� ⇢̄0| {z }
1��+it

}

<latexit sha1_base64="ShGw0GRFWkgfmja+6ExWyiaPmGw="></latexit>

R⇢0,k(s) :=
Q

z2Q⇢0
(s� z)k =

⇥
(s� ⇢0)(s� ⇢0)(s� (1� ⇢0))(s� (1� ⇢0))

⇤k

<latexit sha1_base64="ezIMsRqViR6sOEJ3rqSLMvWMvro="></latexit>

�✓ = �⇡ · sgn(t) · sgn
✓
1

2
� �

◆
.

<latexit sha1_base64="WXvl0HnWqBV+SuWODXLgbzeIVOo="></latexit>

�✓global =

(
±⇡ if � 6= 1/2

0 if � = 1/2

Composite Möbius transformation reveals a global geometric distortion.

<latexit sha1_base64="oZeBW7ZHSDYqXkSFWUWoSBBHUmA="></latexit>

Res(⇢0) = b�1 =
1

R0
⇢0,1(⇢

0)

<latexit sha1_base64="9H9iAE8+DHWChZcviaZuuYf6ZXw="></latexit>

arg (Res(⇢0)) =

(
6= ±⇡/2 if � 6= 1/2

±⇡/2 if � = 1/2

Hyperlocal Diagnostic: Residue Phase Anomaly
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Case Study 2: Conformal Mapping Centered at an Off-
Critical Zero with Möbius Map

<latexit sha1_base64="nUX4/Xp/H31qfiffaO26VZ4BuC8="></latexit>

 ⇢0(s) =
s� ⇢0

s� ⇢̄0
=

s� (� + it)

s� (� � it)

<latexit sha1_base64="MXq4dLCyIVt+H6XRcI1xPM0dEf0=">AAACFXicbVBNS8NAEN3Ur1q/qh69LBah0loSkepFKHrxqGBroSllstnUpZtNursR2tA/4cW/4sWDIl4Fb/4bt7UHtT4YeLw3w8w8L+ZMadv+tDJz8wuLS9nl3Mrq2vpGfnOroaJEElonEY9k0wNFORO0rpnmtBlLCqHH6Y3XOx/7N3dUKhaJaz2IaTuErmABI6CN1MmXg+JwH59iN5BAUhiWvFFKhiV/VMZuPwEfg3/gEewK2sd2J1+wK/YEeJY4U1JAU1x28h+uH5EkpEITDkq1HDvW7RSkZoTTUc5NFI2B9KBLW4YKCKlqp5OvRnjPKD4OImlKaDxRf06kECo1CD3TGYK+VX+9sfif10p0cNJOmYgTTQX5XhQkHOsIjyPCPpOUaD4wBIhk5lZMbsHko02QOROC8/flWdI4rDjVSvXqqFA7m8aRRTtoFxWRg45RDV2gS1RHBN2jR/SMXqwH68l6td6+WzPWdGYb/YL1/gVW850S</latexit>

f(z) =
az + b

cz + d
, ad� bc 6= 0

"reshaping" function of complex plane, maps any circle or line to another circle or line

 maps off-zero and its complex conjugate into minimal positions 

in the complex plane
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Trigger #3: of Hyperlocal Framework: literature, not llms19

Amplitwist
hyperreal and 

hyper-complex 

number fields

<latexit sha1_base64="Ov+Ozl95yESnFg4SuF/oS0VoLxY=">AAACHnicbVDLSgMxFM34rPVVdekmWARBKTOi1YWLohuXVewDOmO5k6ZtaCYzJplCGfolbvwVNy4UEVzp35i2s9DWA4GTc+/lnnv8iDOlbfvbmptfWFxazqxkV9fWNzZzW9tVFcaS0AoJeSjrPijKmaAVzTSn9UhSCHxOa37valSv9alULBR3ehBRL4COYG1GQBupmTt126EEzrHELhPYDUB3fT+5Hd4fHmH3IYYWtvEFdvsgaaQYD4X5yWYubxfsMfAscVKSRynKzdyn2wpJHFChCQelGo4daS8BqRnhdJh1Y0UjID3o0IahAgKqvGR83hDvG6WFjU/zhMZj9fdEAoFSg8A3nSP7aro2Ev+rNWLdPvcSJqJYU0Emi9oxxzrEo6xwi0lKNB8YAkQy4xWTLkgg2iSaNSE40yfPkupxwSkWijcn+dJlGkcG7aI9dIAcdIZK6BqVUQUR9Iie0St6s56sF+vd+pi0zlnpzA76A+vrB6Y0oPI=</latexit>

8r 2 R+, 0 < " < r
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8n 2 N, n" < 1



20 Complex Analyticity
Exceptionally “well-behaved.”, constrained by 3 ways:


1. Infinitely Differentiable (Holomorphic) 

Formal definition: a function is analytic if it has a well-defined derivative at every point in a region. 
Unlike in real analysis, if the first derivative exists, all higher derivatives automatically exist too.


2. Locally a Power Series (Taylor Series) 

Every analytic function can be perfectly described in the neighborhood of any point by a convergent 
Taylor series. This series acts like the function's unique local DNA, like complex crystal is encoded in 
the fixed angles and lengths of its smallest repeating unit cell.


3. Angle-Preserving (Conformal) 

Analytic functions act as perfect local rotations and scalings. If two lines cross at a certain angle, the 
function will transform them so they cross at the exact same angle and orientation somewhere else. 
Like resizing and rotating a perfectly drawn map.


Takeaway: These three perspectives all point to the same profound truth: for analytic functions, the 
behavior in an infinitesimally small ("hyperlocal") region rigidly determines its global structure.




21 Local Data has Global Consequences: Analytic Continuation 

https://www.3blue1brown.com/lessons/zeta

• Taylor series, which encodes all its information at a single 
point, are different local ‘recipes’ for building same global 
object.

• Function's structure in an infinitesimal neighborhood is enough 

to determine its form everywhere it's defined.

• Concrete algebraic bridge to re-expansion formula to connect 

local views.

• Identity Theorem enforces this rigidity: if two analytic 

functions agree on even a small line segment, they must be 
identical globally.

• This principle is why analytic continuation is unique, 

guaranteeing there is only one valid way to extend the Zeta/Xi 
function to the whole plane.

• Any local assumption—like the existence of one off-critical 

zero—will have profound and inescapable global consequences.

• AC: Analytic Function is an Equivalence Class of components



22 Hyperlocal Framework: Key Informal Idea 

witness the ‘birth’ of an analytic function


Try to grow an entire analytic function from a generalised off-zero, 

check global properties against it and look for signs of trouble



23 Proof Strategy: Classical and Truly Hyperlocal

New 
Hyperlocal


Proof & 
Theory



24 Hyperlocal Framework: Constructive Impossibility

<latexit sha1_base64="IoRFfzJJtiKrZLxdQbQYeqy5J7A="></latexit>

Define a class of hypothetical complex functions, and let H(s) be any func-
tion belonging to this class, assumed to possess the following global properties:

1. Entirety: H(s) is analytic over the entire complex plane C.

2. Functional Equation (FE): H(s) = H(1� s) for all s 2 C.

3. Reality Condition (RC): H(s) = H(s̄) for all s 2 C.

4. Transcendental Nature: H(s) is a transcendental entire function.

5. Finite Exponential Order: H(s) is an entire function of finite expo-
nential order (specifically, order 1).

For our proof by reductio ad absurdum, we add one further hypothesis about
this transcendental function:

• Reductio Hypothesis: Assume H(s) possesses at least one o↵-critical
zero, ⇢0 = � + it, where � 6= 1/2 and t 6= 0.

growth at infinity is bounded by an exponential 
<latexit sha1_base64="LZVQ/C40dM5oP+FfGiU4wm/Q2xM=">AAACBXicbVC7TgJBFJ31ifhatdRiIjHBhuwag5ZEGktM5JHAQmaHuzBh9pGZWRPYpbHxV2wsNMbWf7DzbxwehYInucnJOffO3HvciDOpLOvbWFldW9/YzGxlt3d29/bNg8OaDGNBoUpDHoqGSyRwFkBVMcWhEQkgvsuh7g7KE7/+AEKyMLhXwwgcn/QC5jFKlJY65knq5UfnKW5xwGUM7SQdpe0W1w90ybhj5qyCNQVeJvac5NAclY751eqGNPYhUJQTKZu2FSknIUIxymGcbcUSIkIHpAdNTQPig3SS6RVjfKaVLvZCoStQeKr+nkiIL+XQd3WnT1RfLnoT8T+vGSvv2klYEMUKAjr7yIs5ViGeRIK7TABVfKgJoYLpXTHtE0Go0sFldQj24snLpHZRsIuF4t1lrnQzjyODjtEpyiMbXaESukUVVEUUPaJn9IrejCfjxXg3PmatK8Z85gj9gfH5A6JSmA8=</latexit>

|f(z)|  Ce|z|
�



Proof: Three-Stage Refutation of an Off-Critical Zero

<latexit sha1_base64="liAeyNYlM5pyp5cejpxrK76A71A="></latexit>

H(s)| {z }
Entire Function

= R⇢0,k(s)| {z }
Polynomial

· G(s)|{z}
Quotient

<latexit sha1_base64="R5CgJGFTZqyRX1v08CJLHf7/JyY="></latexit>

aRk bm + aRk+1bm�1 + · · ·+ aR4kbm�3k = hm+k

Stage 1: Forced Algebraic Machinery

Stage 2: Analytic Contradiction (Instability)

Stage 3: Algebraic Contradiction (Over-determination)

is entire and cannot be an entire function.
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G(⇢0) = 0 ^ G(⇢0) 6= 0 =)! 
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G(s)



Minimalist Strength of the Hyperlocal Test/Method

Role of Entirety: A Local Test of Global Viability: 

Importing Rigidity and Uniqueness: Entirety guarantees that local structure of H(s) around any point, 

described by its Taylor series, is unique and has global analytic implications.

The Power of a Single Off-Zero Seed and Avoidance of Global Traps 


Agnosticism Towards All Other Zeros


Assume 2 off-critical zeros

1. Algebraic Complexity: The "minimal model" would no longer be a simple quartic

2. Geometric Complexity: Geometric interaction between the two quartet rectangles

3. Logical Circularity: Most fundamental problem. Using the properties of one hypothetical object to constrain 

another, a subtle but fatal form of circular reasoning.

minimalist approach not just a choice, but logical driving force behind constructing a sound proof
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Case Study 3: Schwarz Reflection Principle

<latexit sha1_base64="RlzrBTTubqQKDMgbxsQTqFjVcAI="></latexit>

H(s) = H(1� s) (Flawed: This reflected function is non-analytic)

<latexit sha1_base64="bSDwjnKrilprKzzntw5RB/EWumg="></latexit>

H(s) = H(1� s) (FE is a valid analytic symmetry)

<latexit sha1_base64="v+CA3slX+1TSxtWGGVdcUi2fiQA="></latexit>

H(s) = H(s) Substituting FE into flawed identity forces reality

<latexit sha1_base64="lbpgXxGnGXKN/rIim18A6920usM="></latexit>

=) Im(H(s)) = 0 8s 2 C

<latexit sha1_base64="RWdPi+krvkzL0Ki4vdtDcOFzFRE="></latexit>

=) H(s) = C (where C is a real constant)

<latexit sha1_base64="1TWZHCbbe1M9PWgvQ7lYbUWy51c="></latexit>

C = 0 If a constant function has a zero, constant must be zero

<latexit sha1_base64="pgeg088G/cPrnYa7uSxh//yX64k="></latexit>

geometric reflection of s across the critical line Ks is s 7! 1� s̄
<latexit sha1_base64="HCRr9qfPTGyiT5Q2taKNkiwRCP0=">AAACB3icbVDNS8MwHE3n15xfVY+CBIewHRytyPQiDL3sOMF9wFpGmqVbWNqUJBVG6c2L/4oXD4p49V/w5n9juvWgmw8Cj/feL8nveRGjUlnWt1FYWV1b3yhulra2d3b3zP2DjuSxwKSNOeOi5yFJGA1JW1HFSC8SBAUeI11vcpv53QciJOXhvZpGxA3QKKQ+xUhpaWAeNyuyCq+hw3UquyRpVuwzx0MikWk1HZhlq2bNAJeJnZMyyNEamF/OkOM4IKHCDEnZt61IuQkSimJG0pITSxIhPEEj0tc0RAGRbjLbI4WnWhlCnwt9QgVn6u+JBAVSTgNPJwOkxnLRy8T/vH6s/Cs3oWEUKxLi+UN+zKDiMCsFDqkgWLGpJggLqv8K8RgJhJWurqRLsBdXXiad85pdr9XvLsqNm7yOIjgCJ6ACbHAJGqAJWqANMHgEz+AVvBlPxovxbnzMowUjnzkEf2B8/gDftpgW</latexit>

H(s) = H(1� s̄)
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Case Study 4: Flawed "Line-to-Line Mapping Theorem

Quinn La Fond

counterexample

<latexit sha1_base64="HV+leWu5Yc83oeXj6bgAvyp/2RI="></latexit>

If f(z) is entire and f(L1) ✓ L2, then f(z) = ↵z + �.

statement about a subset of the function's total range

proof incorrectly treats this as statement about entire global range

28

applies only entire global range
<latexit sha1_base64="JvUrzswjiz6L6Puy4cGWBKrdtOA="></latexit>

f(L1) ✓ L2 6 =) f(C) omits more than one value.

<latexit sha1_base64="gym0JVTl5R9ZtksZoW8Sima6n2g=">AAACGnicbVDLSgMxFM3UV62vUZdugkWoC8uMSHUjFN24rGIf0Cklk2ba0EwyJBlpGfodbvwVNy4UcSdu/Bsz7Sy09UDIyTn3knuPHzGqtON8W7ml5ZXVtfx6YWNza3vH3t1rKBFLTOpYMCFbPlKEUU7qmmpGWpEkKPQZafrD69RvPhCpqOD3ehyRToj6nAYUI22kru0GJTo6hpeQpreHhRpkwskofZUM9yiHXoj0wPeTu0nXLjplZwq4SNyMFEGGWtf+9HoCxyHhGjOkVNt1It1JkNQUMzIpeLEiEcJD1CdtQzkKieok09Um8MgoPRgIaQ7XcKr+7khQqNQ49E1lOqGa91LxP68d6+Cik1AexZpwPPsoiBnUAqY5wR6VBGs2NgRhSc2sEA+QRFibNAsmBHd+5UXSOC27lXLl9qxYvcriyIMDcAhKwAXnoApuQA3UAQaP4Bm8gjfryXqx3q2PWWnOynr2wR9YXz9MeZ6e</latexit>

f(ix) = i(ix) cosh(ix) = �x cos(x) 2 R
<latexit sha1_base64="LtjbOBB9mCbFZCRUCxF3E44mo6w=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCGVpUoQKixIFSyMBdGH1FSV4zqtVceObAe1ijqz8CssDCDEyhew8Tc4bQZoOZKl43Pu1b33+BGjSjvOt5VbWl5ZXcuvFzY2t7Z37N29hhKxxKSOBROy5SNFGOWkrqlmpBVJgkKfkaY/vE795gORigp+r8cR6YSoz2lAMdJG6tqHQWl0Ai8hHXlYqEH68SiH1AuRHvh+cjfp2kWn7EwBF4mbkSLIUOvaX15P4DgkXGOGlGq7TqQ7CZKaYkYmBS9WJEJ4iPqkbShHIVGdZHrKBB4bpQcDIc3jGk7V3x0JCpUah76pTDdU814q/ue1Yx1cdBLKo1gTjmeDgphBLWCaC+xRSbBmY0MQltTsCvEASYS1Sa9gQnDnT14kjdOyWylXbs+K1assjjw4AEegBFxwDqrgBtRAHWDwCJ7BK3iznqwX6936mJXmrKxnH/yB9fkDGw2ZTw==</latexit>

f(x) = ix cosh(x) 2 iR



llm threads worn out/die but can admit mistakes29



LLMs in Deep Research Math: Timing & Human Aspect

Now: individual(pro and amateur) and independent mathematicians with actual creative ideas 
can go for them


Extreme Statement 1: if in 2025 somebody thinks machines do have actual chances in solving 
big foundational problems in math, coming up with the big breakthrough ideas, they have no 
clue 


Experiment to confirm this: pick 1 Millennium Prize Problem and ask llm-s to come up with 
something without you having any ideas on what to do. 


Extreme Statement 2: if in 2025 somebody rejects a math study because it used llm-s for 
speed-up and standard and quick partial subtask solutions, they have no clue


Mid/Longer Term Future: non-zero chance

30



LLMs for RH subjective summary 
1. clueless about foundational big problems, good at 'interpolating', not 'extrapolating' math 

and conceptual ideas


2. good at 'interpolating', very helpful when working out standard stuff quickly, no guarantee 
it’s correct


3. good at 'interpolating', critically iterating on original human thoughts and organising the 
input


4. best experience: finding technical objections in existing material, can hallucinate them


5. bad at solving the identified actual problems again without detailed, diverse human 
brainstorming input to unpack and iterate on


6. they are also bad when putting together the big logical progression of the argument, 
crafting the final logical and narrative of a (not yet formalised) proof is firmly human 
territory


7. Essential time saver: Counterfactual: w/o llm-s it would have taken me couple years full 
time study to work out all details instead couple thousands mostly enjoyable hours of maxed 
out recreational time -> necessary but not sufficient

31



Good times to be creatively human!
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Motivation

Test data - California



Motivation



Motivation



• Different cars

Motivation



• Different cars
• Different environment

Motivation



• Different cars
• Different environment
• Different etiquette

Motivation



What happens usually over time



What happens usually over time



What happens usually over time



What happens usually over time



What happens usually over time



There's a limit, even for FANG



The annotation has non-negligible time complexity

https://docs.google.com/file/d/11beLxHCwEQwPtjfhd24zw2Z95GX4DLdM/preview


The annotation has non-negligible time complexity

https://docs.google.com/file/d/11beLxHCwEQwPtjfhd24zw2Z95GX4DLdM/preview
https://docs.google.com/file/d/1WH8H3AlHux9zOzeiDZnUkbz-Wexb8IKk/preview


The annotation has non-negligible time complexity

https://docs.google.com/file/d/11beLxHCwEQwPtjfhd24zw2Z95GX4DLdM/preview
https://docs.google.com/file/d/1WH8H3AlHux9zOzeiDZnUkbz-Wexb8IKk/preview
https://docs.google.com/file/d/177sMw_ssu8F3Wp3tWFwh8joGf5MCnkaq/preview


• Immediate Predictions

Problem statement



• Immediate Predictions

• Gradually evolving training + test distribution

Problem statement



• Immediate Predictions

• Gradually evolving training + test distribution

• Model has limited compute to adapt

Problem statement



• Immediate Predictions

• Gradually evolving training + test distribution

• Model has limited compute to adapt

• Delay between observing the data vs
               observing the labels

Problem statement



Label Delay in Online Continual Learning
Botos et al. - NeurIPS '24



Experimental Framework



Experimental Data: CLOC

Online Continual Learning with Natural Distribution Shifts:
An Empirical Study with Visual Data
Cai et al., ICCV 2020

39M images
712 classes.



Experimental Data: Google Landmarks

GLD, Weyand et al., CVPR 2020
CGLM - Online Continual Learning Without the Storage Constraint, Prabhu et al., 2023

580K images
10 788 classes.



Random sample Newest supervised sample

Naïve baseline: Experience Replay

https://docs.google.com/file/d/1yYNOc4Cb2zhC6Tey2V_pXvld6M1KXsdA/preview


Initial findings on Naïve



Initial findings on Naïve



Quantitative Framework









Augmentation: use the unsupervised data somehow





Random sample Newest sample
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informed sampler



Importance Weighted Memory Sampling

Try it out yourself: https://botcs.github.io/label-delay/demo/

https://botcs.github.io/label-delay/demo/


An Online Continual Learning setting with Label Delay

Contributions

Extensive evaluation accross various scenarios (1080 GPU days)

A powerful approach: Importance Weighted Mem. Sampling

Website: https://botcs.github.io/label-delay/

https://botcs.github.io/label-delay/
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Motivation

World is in 3D...



Motivation



2D, 2.5D, 3D ?

From 2D to 3D



Is it necessary ML?



Now happening



Motivation - lack of data/model ~10 years ago



Motivation - plenty of data/model today



Motivation - plenty of data/model today



3D deep learning tasks

3D geometric analysis

3D assisted image analysis

3D synthesis



3D representation for DL

2D images: uniqueness in representation, plays well with * operator

Unordered point clouds → not that easy!



3D representation for DL - some 2D analogy

Order is still critical!



3D representation 

✓ Multiview 2D images
✓ Volumetric
✓ Poly Mesh
✓ Point cloud
✓ Primite based

Rasterized (grid)→ direct2D, with 
challenges

Geometric relation (irregular) → 
directly CNN



3D representation for DL - references



3D point cloud processing with ML

● Introduction

● 3D point cloud processing with ML

● Use cases

● Embedded demo



3D representation for DL - tools



Classification

Multi-view CNN

Volumetric CNN

Point nets

Spectral convolution



Classification: Volumetric CNN

Main ideas:

● Use CNN without explicit 3D-2D projection

● Make use of 3D native convolution (aka 4D CNN)

● Represent the occupied space with voxel grids



Classification: Voxelization

Represent the occupancy of regular 3D grids



3D CNN on Volumetric Data

3D convolution uses 4D kernels



Complexity issues

What about information loss?



Basic idea: learn to project

By ray tracing and 2D CNN low param number/low runtime is obtained



Voxel vs occupancy grids

● Store the sparse surface signals
● Constrain the computation near the surface



Optimized variant: octree

8 (oct) leaves for each node. Searching very efficient.



Memory efficiency → embedded systems

SparsconvNet → designed for octree representation



Classification: Point networks



Directly Process Point Cloud Data

End2end learning for:

● Unstructured
● Unordered 

Qi, Charles R., et al. "Pointnet: Deep learning on point sets for 3d classification and segmentation”, CVPR 2017



Ensure permutation invariance

Point cloud: N odorless points, each represented by a D dim coordinate



Ensure permutation invariance

Point cloud: N odorless points, each represented by a D dim coordinate

How to cope with this?

represents the same set as 

2D array representation



Construct a Symmetric Function

                                                                            Is symmetric if g is symmetric



Construct a Symmetric Function

                                                                            Is symmetric if g is symmetric



Construct a Symmetric Function

                                                                            Is symmetric if g is symmetric



PointNet: geometric transform invariance

Solution: use some simple transform nets (T-Net)

Transform: → matrix multiplication

Dimension (e.g. 3) can be arbitrary for data



PointNet: geometric transform invariance

Solution: use some simple transform nets (T-Net)

Transform: → matrix multiplication

Dimension (e.g. 3) can be arbitrary for data



PointNet: architecture

Composition of T-Nets
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PointNet: architecture

Composition of T-Nets



PointNet: architecture

Composition of T-Nets



PointNet: results



PointNet: results



Limitations of Pointnet

● No local context for each point!
● Global feature depends on absolute coordinate. 
● Hard to generalize to unseen scene configurations!



PointNet v2.0: Multi-Scale PointNet

Repeat

● Sample anchor points
● Find neighborhood of anchor points
● Apply PointNet in each neighborhood to mimic convolution



Point Convolution As Graph Convolution

● Points -> Nodes
● Neighborhood -> Edges
● Graph CNN for point cloud processing

Wang et al., “Dynamic Graph CNN for Learning on Point Clouds”, Transactions on Graphics, 2019



Use cases

● Introduction

● 3D point cloud processing with ML

● Use cases

● Embedded demo



Variational Autoencoders - generative 3D

Use cases - 3DVAE



Use cases - ToFNest

● Depth images + normal vectors in RGB -> Fast, Efficient, Robust
● FPN



ToFNest - Evaluation

RTX 3080 GTX 1060 Google Colab Jetson Orin Jetson NX

0,015 s 0,047 s 0,09 s 0,13 s 0,31 s

http://www.youtube.com/watch?v=9MTGGB_yJgE


Embedded demo

● Introduction

● 3D point cloud processing with ML

● Use cases

● Embedded demo



Embedded setup



ToF from ADI 

Preprocessing

People detection in 3D - WIP

Volumetric estimation

59

http://www.youtube.com/watch?v=-CErH6ROli8
http://www.youtube.com/watch?v=_ew0QKQMUtI
http://www.youtube.com/watch?v=gPccJ9twgto


ToF cameras from ADI → papers

ICCV2021 ECCV2022 IFAC2023

60

http://www.youtube.com/watch?v=9MTGGB_yJgE
http://www.youtube.com/watch?v=msNmER5reHI


Perspectives - Now happening!



GeometricDL

● Intrinsic/geod/R shape feature
● Heat kernel maps
● Laplacian map
● Spectral CNN
● Spectral synch



References

1. https://github.com/InternRobotics/PointLLM
2. https://distill.pub/
3. http://3ddl.stanford.edu/
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6. https://geoml.github.io/
7. https://pytorch3d.org/
8. https://github.com/intel-isl/Open3D-ML
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Colab with PointNet
(in PyTorch)
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Introduction to α-differential privacy



Motivation of privacy protection

Increasing relevance in view of new data types in the era of big data.

• large scale medical research

• smart phone users data

• social media data

• ChatGPT

• Internet of Things (IoT)

• Consumer data collected for advertisement



Traditional/Naive techniques

Question: Do we really need math / science for privacy?

• Can’t we just remove personal identifiable information from the data so that it is
de-identified?

• We are only seeing aggregate statistics usually?

• Secure multi-party computation (MPC) and federated learning have made it
possible for companies to train ML models with personal data while keeping it on
the device not on a central database.



Problems
Anonymize data: It is possible to de-anonymize using auxiliary information:

• How to break anonymity of the netflix prize dataset. Narayanan & Shmatikov
(2006)

• Identifying Participants in the Personal Genome Project by Name Sweeney et al
(2013).

Aggregate statistics: Possible to recover individual data.
• E.g. if X2, ...,Xn is known then from Sn =

∑n
i=1 Xi one can recover X1. Need for

a trusted third party.
• Differencing attack: with side information, even if reporting just one, may reveal

information about individuals.

ML methods: encode information of individuals in a dataset and will reveal when
given an appropriate prompt, e.g. membership inference attack, unintended
memorization.



Idea behind Differential Privacy

individuals database public data

Alice x1−−−−−→

x randomization−−−−−−−−→
Q

ZBob x2−−−−−→
...

Zoey xn−−−−−→

Distribution of Z should not depend too much on any individual contribution xi .



DP in nutshell

• Goal: concealing a solitary sensitive data point within a particular dataset.

• Idea: Infuse controllable randomized noise to obtain sanitized, privacy preserving
data.

• Cost: reduces accuracy of the method.

• Proposed by: Dwork et al (2006).



Definition: α-DP
Definition: Let X = (Xi)i=1...,n denote the original data and Z = (Zi)i=1,...,n denote
its sanitized version. This data Z obeys the local α-differential privacy constraint if

sup
A

sup
x ,x ′:d0(x ,x ′)=1

Pr(Z ∈ A|X = x)
Pr(Z ∈ A|X = x ′) ≤ eα,

where d0(x , x ′) = |{i : xi , x ′
i }| denotes the Hamming distance.

Idea: The conditional distribution of Z given X = x does not depend too much on the
data of the i-th individual in the database, thereby protecting its privacy.

Strength: Smaller α denotes stronger privacy protection.

Relaxed version: (α, δ) differential privacy: for all A and d0(x , x ′) = 1

Pr(Z ∈ A|X = x) ≤ eαPr(Z ∈ A|X = x ′) + δ.



Properties

• "local" means that there is no trusted third party available for data collection and
processing, see Evfimievski (2003)

• Protocols:
• non-interactive: Zi is generated from Xi independently.
• sequentially interactive: ith person has access to Z1, ...,Zi−1 when generating Zi .

• Random perturbation:
• Laplace: α-differentiable private mechanism
• Gauss: (α, δ)-differentiable private mechanism

• Applications: Apple (2 ≤ α ≤ 8), Google (0.6 ≤ α ≤ 10, 0 ≤ δ ≤ 10−10),
Microsoft (1.67 ≤ α ≤ 4.7, 0 ≤ δ ≤ 10−5), US Census Bureau (County Business
Patterns: α = 34.9, δ = 10−5; 2020 Decennial Census: 13.64 ≤ α ≤ 49.2,
δ = 10−5 ).



Literature review
Parametric models: Smith (2008), Duchi et al (2014), Kairouz et al. (2016),
Kamath et al (2018), Cai et al (2020)

Nonparametric models:
• density estimation: global privacy Wasserman and Zhou (2010), Hall et al

(2013); local Duchi et al (2013, 2018), Butucea (2020)
• regression: methodology Smith (2021), Golowich (2021) theory Gyorfi and Kroll

(2023).

Semi-parametric problems:
• Linear functionals Rohde and Steinberger (2018)
• Integrated square

∫
f 2(x)dx , Butucea et al (2023)

BUT! No general approach, case-by-case studies.



Motivating example

Data: sensitive iid data X1, ...,Xn ∈ [−M,M]

Goal: estimating the moments EX k .

Privacy constraint: Laplace mechanism

Zi ,k = X k
i + Lap

(
α

2Mk

)

Private estimator: θ̂(k)
n = 1

n
∑n

i=1 Zi ,k

Problem: For estimating e.g. the mean EX from Z1,1, ..,Zn,1 we used all privacy
budget α. For estimating e.g.2nd moment we need new privatized data Zi ,2,
i = n + 1, .., 2n or use Z1,1, ..,Zn,1 with deconvolution, but its suboptimal.

Goal: Provide privatized data, which can be used for multiple purpose simultaneously.



Model and examples



Model
Density estimation problem: X1, ...,Xn

iid∼ f , with

f ∈ Wp :=
{

f ∈ Cp[0, 1] : f ≥ 0,
∫ 1

0
f = 1, ∥f ∥(∞,p) < M

}
,

p ∈ N, where for 1 ≤ q ≤ ∞

∥f ∥(q,p) =
p∑

j=0

(∫ 1

0
(f (j))qdx

)1/q
.

Semi-parametric model: Consider functionals Λ : Cp → R, s.t. for some 0 ≤ m < p,

Λ(f +h) = Λ(f ) + Tf (h) + O(∥h∥2
(2,m)), (1)

where for f ∈ Wp, h ∈ Cp[0, 1] with ∥h∥(∞,m) small enough and Tf a bounded linear
functional on Cp[0, 1], see Goldstein & Messer (1992).



Functional
In view of the Hahn-Banach and Riesz representation theorems

Tf (h) =
p∑

j=0

∫ 1

0
h(j)dµj ,

where µj is a finite signed Borel measures on [0, 1] (possibly depending on f ).

Cases:
• Smooth functionals: Tf (h) =

∫
hωf , ∀f ∈ Wp, with supf ∈Wp ∥ωf ∥∞ < ∞.

• Atomic functionals: of index s ∈ {0, .., p}, where

Tf (h) =
sf∑

j=0

∫ 1

0
h(j)dµj,f

with µsf ,f having a discrete component δsf ,f , and s = maxf ∈Wp sf .



Example: Point evaluation of derivatives

Functional:
Λ(f ) = f (r)(x0).

Note:

(f + h)(r)(x0) = f (r)(x0) +
∫

h(r)δx0

This is a differentiable functional of order m = 0 and index s = r .

Extension:
Λ(f ) = g(f (r)(x0)),

with g twice differentiable and g ′ , 0

Estimation rate: for f ∈ Wp, the rate is n−(p−r)/(2p+1).



Example: Fisher Information
Functional: Λ(f ) =

∫ 1
0 (f ′)2/f

Note:

Λ(f + h) = Λ(f ) + Tf (h) + O
(
∥h∥2

(2,1)

)
,

with

Tf (h) = −
∫ 1

0

h(f ′)2

f 2 + 2
∫ 1

0

f ′h′

f

= 2h(1) f ′(1)
f (1) − 2h(0) f ′(0)

f (0) +
∫ 1

0

h(f ′)2

f 2 + 2
∫ 1

0
h f ′′

f .

Regularity: Λ is atomic of order m = 1 and index s = 0.

Estimation rate: for f ∈ Wp, 2 ≤ p, infx f (x) > 0, the rate is n−p/(2p+1).



Example: Entropy

Functional: Λ(f ) =
∫ 1

0 f log f .

Note:

Λ(f + h) = Λ(f ) +
∫ 1

0
h log(f ) +

∫ 1

0
f log(1 + h/f ) +

∫ 1

0
h log(1 + h/f ),

hence Tf (h) =
∫ 1

0 h log(f ).

Regularity: Λ is smooth of order m = 0.

Estimation rate: for f ∈ Wp, p ≥ 2, infx f (x) > 0, the rate is n−1/2.



Privacy constrained estimation:
Non-adaptive setting



Plug-in estimation

Idea: Estimate f̂ the density f and plug it in into the linear functional

Λ̂(f ) = Λ(f̂ ).

Density estimation:
• Histograms: not good, one needs to estimate the derivatives of the density as

well.
• Kernel estimators: not good, privacy mechanism is difficult, only approximate

local DP.
• Spline wavelet: optimal for simultaneously estimating the density and its

derivatives, in L2 and pointwise loss as well.



Data privatization

Privatized data
Zijk = ψj,k(Xi) + σα,jYijk , k ∈ Mj ,

where Yijk
iid∼ Lap(1), ψj,k are the spline wavelet basis, and

σα,j = Cd∥ψ∥∞
α

j22j/2.

Lemma: The privacy mechanism defined above is locally α-differentially private.



nonparametric estimation

Wavelet coefficients: privatized empirical wavelet coefficients Z̄jk = n−1 ∑n
i=1 Zijk

Density estimation:

f̂n = f̂ jn
n =

jn∑
j=1

∑
k∈Mj

Z̄jk ψ̃j,k .

Point-wise and L2-convergence For 2jn ≍ (nα2 log−2 n)
1

2p+2 ∧ n
1

2p+1 we have

max
(
EQPf |f̂ (q)

n (x0) − f (q)(x0)|2, EQPf ∥f̂ (q)
n − f (q)∥2

L2

)
≤ Cd ,q,M(nα2 log−2 n)− 2(p−q)

2p+2 ∨ n− 2(p−q)
2p+1 .



Convergence rate for atomic functionals

Theorem [estimation atomic]: Let f ∈ Wp, p ≤ d + 1 and suppose Λ is an atomic
functional of index s. Under some mild technical conditions, the plug-in estimator
Λ̂(f ) = Λ(f̂ jn) with 2jn ≍ (nα2 log−2 n)

1
2p+2 ∧ n

1
2p+1 converges towards Λ(f ) at rate

(nα2 log−2 n)− p−s
2p+2 ∨ n− p−s

2p+1 .

Remark: Derived matching lower bound for α = O(1).



Convergence rate for smooth functionals

Theorem [estimation smooth]: Let f ∈ Wp and =Λ a smooth functional with m ≥ 0
and 2m + 2 ≤ p ≤ d + 1. Then the plug-in estimator Λ̂(f ) = Λ(f̂n) with a > 0 and(

n ∧ (nα2)
)1/2p

≤ 2jn ≤
[
log−2/(m+1)(nα2)(nα2)1/(4m+4)

]
∧

[
log−1(n)n1/(4m+3)

]
converges towards Λ(f ) at rate

n−1/2 ∨ (nα2)−1/2.

Remark: Derived matching lower bound for α = O(1).



Adaptation



Adaptation

Problem: The optimal threshold jn depends on the regularity p of the density f . BUT
this is unknown in practice. Hence we use a data driven choice for it ĵn (e.g. modified
version of Lepski’s method).

Theorem [adaptation density]: The estimator f̂n(x) = f̂ ĵn
n (x) satisfies that for all

q + 1 ≤ p and x ∈ [0, 1]

sup
f ∈Wp(L)∩∥f ∥∞≤L

EQPf ∥f̂ (q)
n − f (q)∥L2[0,1] ∨ Ef |f̂ (q)

n (x) − f (x)(q)|

≲ (nα2 log−3 n)− p−q
2p+2 ∨ (n/ log n)− p−q

2p+1 .



Adaptation: atomic functional

Theorem [adaptation atomic functional]: Let f ∈ Wp be such that ∥f ∥∞ ≤ L and
suppose that the operator Λ is atomic for m, s ≥ 0 and p ≥ max(s + 1,m + 1, 2m − s).
Then the plug in estimator Λ(f̂n) with f̂n = f̂ ĵn

n satisfies that

EQPf |Λ(f̂n) − Λ(f )| ≲ (nα2 log−3 n)− p−s
2p+2 ∨ (n/ log n)− p−s

2p+1 .

Adaptation to smooth functional:
• The plug-in estimator Λ(f̂ ĵn) doesn’t work (too smooth)
• One can consider an rougher estimator f̂n with threshold not depending on p.



Summary

• Privacy constrained inference is becoming increasingly popular, in particular
differential privacy.

• Methods are typically case-by-case. New privacy constrained estimator requires
new mechanism.

• We consider α-differential private plug-in estimators for functional estimation.

• Can be used for a wide range, including smooth and atomic functionals.

• Derived matching minimax lower bounds.

• Adaptive inference for atomic functionals (smooth functionals need over-fitting).
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Exact Sampling

When the goal is to efficiently communicate K, one can achieve

H(K) ≈ D(P∥Q) bits

Shannon: K can be losslessly encoded at rate R such that

H(K) ≤ R < H(K) + 1

T. Linder August 14, 2025 3 / 32



Channel Simulation from Exact Sampling

X,Y random variables, choose P = PY |X( · | x) and Q = PY .

On input x ∼ PX , sampling from P simulates the channel X → Y .

Can simulate the channel with communication cost close to

H(K) ≈ EX [D(PY |X( · | X) || PY )] = I(X;Y ) bits

T. Linder August 14, 2025 4 / 32



Why Care?
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Lossy Source Coding

The encoder encodes the block (X1, . . . , Xn)

Decoder reconstructs (Y1, . . . , Yn)

Distortion: D = 1
n

∑n
i=1 E

[
d(Xi, Yi)]

Rate: R = 1
nE|M | (expected message length)

Asymptotically (n → ∞) optimal performance

R(D) = min
PY |X : E[d(X,Y )]≤D

I(X;Y ).

T. Linder August 14, 2025 6 / 32



Realization with Channel Simulation

R(D) = min
PY |X : E[d(X,Y )]≤D

I(X;Y ).

Recent work on neural-estimation of the rate-distortion function and
R(D)-achieving conditional distribution Lei et al. (2023).

Channel simulation at cost I(X;Y ) =⇒ one-shot code achieving R(D)

T. Linder August 14, 2025 7 / 32



Other Applications

Neural compression via nonlinear transform coding

Compression via implicit neural representation

Rate-distortion-perception tradeoff

Local differential privacy

Federated learning, . . .

T. Linder August 14, 2025 8 / 32



Neural Compression via Nonlinear Transform Coding

JPEG

Image credits Ballé et al. (2017).
T. Linder August 14, 2025 9 / 32



Neural Compression with Channel Simulation

Fully differentiable end-to-end system!

Channel simulation =⇒ Relative entropy coding

Image credits Flamich et al. (2020).
T. Linder August 14, 2025 10 / 32



Exact Sampling

Key Questions:

How can we choose K such that UK ∼ P exactly?

How close can we get to D(P ||Q)?

T. Linder August 14, 2025 11 / 32



Greedy Rejection Sampling

Rejection sampling: Accept Uk with probability γ dP
dQ(Uk),

γ > 0 s.t. γ dP
dQ(u) ≤ 1 for all u.

Greedy rejection sampling: Accept Uk with probability fk(Uk),
for function fk which maximizes the acceptance probability at
stage k under the condition that the scheme is exact.

0 0.5 1

dP

dQ

Rejection sampling

0 0.5 1

dP

dQ

Greedy rejection sampling

P = N (0.5, 0.05)|[0,1], Q = Uniform([0, 1]), γ = 0.55.
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Greedy Rejection Sampling

Rejection sampling: Accept Uk with probability γ dP
dQ(Uk),

γ > 0 s.t. γ dP
dQ(u) ≤ 1 for all u.

Greedy rejection sampling: Accept Uk with probability fk(Uk),
for function fk which maximizes the acceptance probability at
stage k under the condition that the scheme is exact.

0 0.5 1

U1 = 0.85

dP

dQ

Rejection sampling

0 0.5 1

U1 = 0.85

dP

dQ

Greedy rejection sampling

P(Accept) = γ dP
dQ(U1) = 0.275 P(Accept) =

(
dP
dQ(U1)− 0

)
/1 = 0.5
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Greedy Rejection Sampling

Rejection sampling: Accept Uk with probability γ dP
dQ(Uk),

γ > 0 s.t. γ dP
dQ(u) ≤ 1 for all u.

Greedy rejection sampling: Accept Uk with probability fk(Uk),
for function fk which maximizes the acceptance probability at
stage k under the condition that the scheme is exact.

0 0.5 1

U1U2 = 0.3

dP

dQ

Rejection sampling

0 0.5 1

U1U2 = 0.3

dP

dQ

Greedy rejection sampling

P(Accept) = γ dP
dQ(U2) = 0.67 P(Accept) = 1

0.255

(
dP
dQ(U2)− 1

)
= 0.89
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Greedy Rejection Sampling

Rejection sampling: Accept Uk with probability γ dP
dQ(Uk),

γ > 0 s.t. γ dP
dQ(u) ≤ 1 for all u.

Greedy rejection sampling: Accept Uk with probability fk(Uk),
for function fk which maximizes the acceptance probability at
stage k under the condition that the scheme is exact.

0 0.5 1

U1U2 U3 = 0.62

dP

dQ

Rejection sampling

0 0.5 1

U1U2

dP

dQ

Greedy rejection sampling

P(Accept) = γ dP
dQ(U2) = 0.87
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Greedy Rejection Sampling

Rejection sampling: Accept Uk with probability γ dP
dQ(Uk),

γ > 0 s.t. γ dP
dQ(u) ≤ 1 for all u.

Greedy rejection sampling: Accept Uk with probability fk(Uk),
for function fk which maximizes the acceptance probability at
stage k under the condition that the scheme is exact.

0 0.5 1

U1U2 U1U2 U3

dP

dQ

Rejection sampling

0 0.5 1

U1U2

dP

dQ

Greedy rejection sampling

GRS: D(P ||Q) ≤ E[|M |] ≤ D(P ||Q) + log2(D(P ||Q) + 1) + 4
T. Linder August 14, 2025 16 / 32



Recent Tighter Bounds

Recently, Goc and Flamich (2024) showed a tight bound on the
expected message length:

D(P ||Q) ≤ DCS(P ||Q) ≤ E[|M |] ≤ DCS(P ||Q) + log2(e+ 1) + 1

for DCS(P ||Q) the channel simulation divergence.

The upper bound on E[|M |] is achieved using greedy rejection
sampling.
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Poisson Functional Representation

For {Ti}i≥1 a rate-one Poisson process, choose K = argmin
i≥1

Ti
dP
dQ

(Ui)
,

Li and El-Gamal (2018).

0 0.25 0.5 0.75 1
0

1

2

3

(
U1, T1

)
(
U2, T2

)
(
U3, T3

)(
U4, T4

) (
U5, T5

) (
U6, T6

)

dP

dQ

T
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Poisson Functional Representation

For {Ti}i≥1 a rate-one Poisson process, choose K = argmin
i≥1

Ti
dP
dQ

(Ui)
,

Li and El-Gamal (2018).

0 0.25 0.5 0.75 1
0

1

2

3

(
U1, T1

)
(
U2, T2

)
(
U3, T3

)(
U4, T4

) (
U5, T5

) (
U6, T6

)

α
dP

dQ

T

D(P ||Q) ≤ E[|M |] ≤ D(P ||Q) + log2(D(P ||Q) + 2) + 3
T. Linder August 14, 2025 19 / 32



Our Setup: Exponential Cost and Rényi’s entropy

The previous results are for the expected message length (number
of bits) E[|M |].

What are the fundamental limits of exact sampling under a cost
which is exponential in the message lengths? Can these limits be
(almost) achieved by existing algorithms?

T. Linder August 14, 2025 20 / 32



Campbell Cost L(t)

For uniquely decodable binary encoding M ∈ {0, 1}∗ of K having
length |M | and for t > 0,

L(t) =
1

t
log

(
E[2t|M |]

)
.

Facts:

lim
t→0

L(t) = E[|M |] and lim
t→∞

L(t) = max
ℓ∈N : P(|M |=ℓ)>0

ℓ

For a random variable K with Rényi entropy Hα(K) encoded
optimally into message M , Campbell (1965) showed

Hα(K) ≤ L(t) < Hα(K) + 1

with α = 1
1+t .
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Why Care About L(t)?

0

0.2

0.4

0.6

0.8

1

ℓ

P(
|M

|=
ℓ)

Degenerate at 5

0

0.2

0.4

0.6

0.8

1

ℓ

P(
|M

|=
ℓ)

Uniform on {1, . . . , 9}

0

0.2

0.4

0.6

0.8

1

ℓ

P(
|M

|=
ℓ)

Geometric (p = 0.2)

t Degenerate L(t) Uniform L(t) Geometric L(t)

0 5 5 5
0.2 5 5.65 11.83
1 5 7.26 ∞
5 5 8.56 ∞
∞ 5 9 ∞
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Lower Bound

Theorem 1 For any sampling algorithm and t > 0, with α = 1
1+t ,

L(t) ≥ D 1
α
(P ||Q) +

α

1− α
log2(α)− 1. (LB)

As t → 0, we recover the lower bound

E[|M |] ≥ D(P ||Q)− 1

ln(2)
− 1.
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Upper Bounds via Poisson Functional Representation

Theorem 2 For K chosen using the Poisson functional representation,
for any ϵ > 0 there exists a uniquely decodable encoding of K such that

L(t) ≤ (1 + ϵ)D 1+ϵ(1−α)
α

(P ||Q) + c(α, ϵ), (UB1)

with c(α, ϵ) a constant and α = 1
1+t .
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Upper Bounds via Poisson Functional Representation

Theorem 3 Encoding K (generated by the PFR) using the Elias
omega code gives, for any 0 < t < 1/2 and ϵ ≤ 1

2t − 1,

L(t) ≤ D 2−α
α

(P ||Q) + (1 + ϵ) log2(D(P ||Q) + 1) + cϵ. (UB2)

Recovers the bound

E[|M |] ≤ D(P ||Q) + (1 + ϵ) log2(D(P ||Q) + 1) + cϵ

of Harsha et al. (2010) as t → 0.
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Proof Techniques

For E[|M |] and L(t) the lower bounds D(P∥Q) resp. D 1
α
(P ||Q) are

simple to prove.

The upper bound(s) on E[|M |] are derived through sharply
bounding E[ log2K ].

The upper bounds on L(t) are derived (more or less) by bounding
E[Kt].
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Gaussian Examples

P = N (0, 1) and Q = N (1, 1) P = N (0, 1) and Q = N (5, 1)
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Asymptotic Results

We want to use the channel n-times with i.i.d. input X1, . . . , Xn.
Thus we sample from the product distribution P⊗n using samples
from Q⊗n.

We can now fully characterize the optimal L(t)/n as n → ∞:

Theorem 4 For any t > 0, let L∗
n(t) be the minimum Campbell cost for

target P⊗n and common randomness {Ui}i≥1 ∼ Q⊗n. Then, with

α = 1
1+t ,

lim
n→∞

L∗
n(t)

n
= D 1

α
(P ||Q).

This generalizes known results: for the minimum bits/sample rate R∗
n

for the n-dimensional product distributions,

lim
n→∞

R∗
n

n
= D(P ||Q).
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Causal vs. Noncausal Sampling

A causal sampler accepts/rejects each candidate one-at-a-time
(K is a stopping time w.r.t. {Ui}i≥1).

Greedy rejection sampling ✓ Poisson functional representation XXX
GRS and the PFR both achieve bits/sample rate D(P ||Q) as
n → ∞.

Theorem 5 For any t > 0 let L∗
n(t) be the minimum Campbell cost

over causal samplers between P⊗n and Q⊗n. Then, with α = 1
1+t ,

lim inf
n→∞

L∗
n(t)

n
≥ Dβ(P ||Q), where β =

{
α

2α−1 , α ∈ (1/2, 1)

∞, α ∈ (0, 1/2].

Dβ(P∥Q) > D 1
α
(P∥Q) in general!!!

Greedy rejection sampling does strictly worse in the
exponential cost regime, and the gap is often significant.

T. Linder August 14, 2025 29 / 32



Main Takeaways

Exact sampling is one (highly general) way to perform channel
simulation at a near-optimal encoding cost, and has wide
applications.

The Campbell cost L(t) generalizes the expected message length
and can be made more sensitive to the tails of the distribution.

The Poisson functional representation is nearly optimal for exact
sampling (typically within 5-10 bits) for the Campbell cost.

Causal samplers (such as greedy rejection sampling, greedy
Poisson rejection sampling, etc.) do strictly worse than
noncausal samplers in the asymptotic Campbell cost.
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Introduction

Motivation:
▶ Rigid utility function and return assumptions
▶ How to dynamically map heterogeneous preferences into

portfolio actions?
▶ Escaping from the Gaussian world. We need more information

then just mean and variance ( heavy tails)
▶ Risk and Intertemporal substitution captured by the same

parameter
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Quantiles

Qτ [X ] ≡ F −1
X (τ) (1)

where FX is the c.d.f of the random variable X.
Properties
▶ Invariance to monotonic transformation:

Qτ [g(X )] = g (Qτ [X ])
▶ Stochastic domincance : Qτ [X ] ≥ Qτ [Y ]
▶ Law of iterated expectations is not valid anymore:
▶ Qτ [ Qτ (X | Σ1) | Σ0] ̸= Qτ (X | Σ0)
▶ ∂

∂x Qτ [h(x , Z )] ̸= Qτ

[
∂h
∂x (x , Z )

]
▶ Not linear: Qτ [X + Y ] ̸= Qτ [X ] + Qτ [Y ]
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Quantile Preferences

X ⪰ Y ⇐⇒ Qτ [X ] ≥ Qτ [Y ] (2)

where Qτ [X ] denotes the quantile of a random variable X at
fraction τ ∈ [0, 1].
Comparison with Expected Utility:

X ⪰ Y ⇐⇒ E [u(X )] ≥ E [u(Y )] (3)

Unlike expected utility, quantile preferences do not rely on a utility
function u, as:

X ⪰ Y ⇐⇒ Qτ [X ] ≥ Qτ [Y ] ⇐⇒ u(Qτ [X ]) ≥ u(Qτ [Y ])
⇐⇒ Qτ [u(X )] ≥ Qτ [u(Y )]

(4)
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Consequences

▶ In expected utility theory, risk aversion is determined by the
concavity of u(X ).

▶ In contrast, quantile preferences directly associate risk
attitudes with τ .
▶ τ ≪ 0.5 (low quantiles) capture risk aversion by focusing on

the lower tail.
▶ τ ≫ 0.5 (high quantiles) reflect risk-seeking behavior by

emphasizing the upper tail.
▶ Eliminates the need for explicit utility functions, enhancing

interpretability.
▶ Allows for dynamic, non-stationary modeling using neural

networks.
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Dynamic Programming (DP)

▶ DP refers to a set of algorithms for computing optimal
policies in Markov Decision Processes (MDPs)

▶ Assumes a perfect model of the environment: Transition
probabilities

vπ(s) = Eπ

[
Rt+1 + γRt+2 + γ2Rt+3 + · · ·

∣∣∣ St = s
]

= Eπ

[
Rt+1 + γ vπ(St+1)

∣∣∣ St = s
]

=
∑

a
π(a|s)

∑
s′,r

p(s ′, r | s, a)
[
r + γ vπ(s ′)

]
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Optimal Policy

V ∗(s) = max
π

Vπ(s), ∀s ∈ S.

and

V ∗(s) = max
a∈A

∑
s′∈S

p(s ′|s, a)
[
r(s, a) + γV ∗(s ′)

]
, ∀s ∈ S.

How to find the solution?
▶ Sample based methods: Trial and error: Monte Carlo,

Temporal Difference
▶ Dynamic Programming
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Galvao (2019). ‘Dynamic quantile models of rational
behavior

Naive

Vt(h, x , z t) = Qτ

∑
s≥t

βs−tu(xh
s , xh

s+1, Zs) | Z t = z t

 . (5)

Fixed Policy- Quantile Preference

Vt(h, x , z t) = u(xh
t , xh

t+1, zt) + βQτ [Vt+1(h, x , Zt , zt+1) | Zt = zt ] .
(6)

Recursive substitution

V Qτ
1 (h, x , z t) = Q∞

τ

[ ∞∑
t=1

βt−1u(xh
t , xh

t+1, zt)
]

, (7)
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Neural Network Set up

Figure: Q-A2C portfolio trading framework

10 / 20



Objective functions
TD error

δi = R(st , st+1, at) + γQπ
τi (st+1, ϕ) − Qπ

τi (st , ϕ) (8)

Critic Loss
lossτi = |τi − I{δi < 0}| × |δi | (9)

L(ϕ) = 1
|B|

 B∑
b=1

∑
i∈T

lossτi + λ · quantile ordering penalty

 (10)

Actor

Lactor(θ) = − 1
B

B∑
b=1

(
N∑

k=1
[log πθ(ak | s) · δτi · wτi ] − λ · H(πθ(s)))

(11)
where

wτi =
{

1 − τi , if δτi < 0
τi , otherwise

(12)
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Interpretation
Bellman:Critic Role
▶ The critic learns the reward distribution under the current

policy by approximating multiple quantiles.
▶ it only provides feedback (bellman) based on the policy being

followed.
Actor Role:
▶ The actor defines the policy, selecting actions based on

feedback from a specific quantile of the reward distribution.
▶ It will map situations (states) to actions stochastically

Comparing multiple policies
▶ We initialize τ many actor-critic network with identical

weights.
▶ After the first update:

▶ Each network starts specializing in different risk preferences.
▶ The actor is updated using feedback from its assigned quantile.
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Risk averse vs Risk seeking agent

Table: Pinball-Weighted Actor Loss for τ = 0.1 and 0.9

τ TD Weight Behavior
0.1 e < 0 1 − τ = 0.9 Avoid risky actions
0.1 e ≥ 0 τ = 0.1 Weak reinforcement of successful actions
0.9 e < 0 1 − τ = 0.1 Risk tolerance
0.9 e ≥ 0 τ = 0.9 Strongly reinforces risky actions

13 / 20



ETFs
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Problem
▶ Less then 1500 training points
▶ Extreme high correlation and Market regime changes
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Results

Figure: Average cumulative returns over seeds per policy
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Distribution of rewards

Figure: Distribution of rewards on training
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Portfolio output 1

Figure: Risk-averse

Figure: Risk-Neutral
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Portfolio output 2

Figure: Risk-Seeking
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Critic distributional output
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Why do we want to learn causal representations?

Neural Network Latent representation

Solving downstream task

Discovering cause-effect 
relationships

7
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ResNet, LLMs, Diffusion models

Solving downstream task

Interpretability and 
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CRL is applied in many domains

Cadei et al.: Causal Lifting of Neural Representations: Zero-Shot Generalization for Causal Inferences. arXiv, 2025.
Lippe et al.: BISCUIT. arXiv, 2023
.Klindt et al.:Towards interpretable Cryo-EM: disentangling latent spaces of molecular conformations. Frontiers Mol. Biosci., 2024 8

Ecology Robotics Electron microscopy



Identifiable representation learning



Pearl’s Causal Ladder

The rungs of the ladder

Pearl: Causality. 2000.

10

Examples



Pearl’s Causal Ladder

The rungs of the ladder

Pearl: Causality. 2000.

- Rung 1: 𝑝𝜃1
𝑂                    (observations)

11

Examples



Pearl’s Causal Ladder

The rungs of the ladder

Pearl: Causality. 2000.

- Rung 1: 𝑝𝜃1
𝑂                    (observations)

- Rung 2: 𝑝𝜃1 𝑂  +                   (interventions)

12

Examples



Pearl’s Causal Ladder

The rungs of the ladder

Pearl: Causality. 2000.

- Rung 1: 𝑝𝜃1
𝑂                    (observations)

- Rung 2: 𝑝𝜃1 𝑂  +                   (interventions)

- Rung 3: 𝑝𝜃1
𝑂  +        + SEM    (counterfactuals)

13

Examples



Pearl’s Causal Ladder

The rungs of the ladder

Pearl: Causality. 2000.

- Rung 1: 𝑝𝜃1
𝑂                    (observations)

- Rung 2: 𝑝𝜃1 𝑂  +                   (interventions)

- Rung 3: 𝑝𝜃1
𝑂  +        + SEM    (counterfactuals)

- Rung 1: modeling chest X-Rays

- Rung 2: 

- Rung 3: How does 𝑝 𝑐𝑎𝑛𝑐𝑒𝑟  change when 

someone smokes 3 cigarettes less each 

day?

Smoking Cancer

14
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Pearl: Causality. 2000.
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Identifiability …and its problems

Identifiability = Data + Model constraints
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• What are the invariances/symmetries of the 

distribution?

• Are the latent factors disentangled?

• Which coordinate encodes position/shape?
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ICA: passive view

Causality: active view

Rajendran et al.: An Interventional Perspective on Identifiability in Gaussian LTI Systems with Independent Component Analysi s. CLeaR, 2024.
Yao et al.: Marrying Causal Representation Learning with Dynamical Systems for Science. arXiv, 2024. 24



Principles of (causal) representation
learning



What makes identifiability possible?
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Multi-environment Natural experiment

Different tax in neighboring citiesBlue- vs White-collar Smoking banEducational campaign, tax increase

X-Ray + CO2 retention



What makes identifiability possible?

Rajendran et al.: An Interventional Perspective on Identifiability in Gaussian LTI Systems with Independent Component Analysi s. CLeaR, 2024.
Yao et al.: Marrying Causal Representation Learning with Dynamical Systems for Science. arXiv, 2024.

ICA: variability Causality: interventions

Non-i.i.d. data is the key!

Environment 1 Environment 2 Observational Interventional
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Exchangeability unifies ICA and causality

Guo et al.: Causal de Finetti: On the Identification of Invariant Causal Structure in Exchangeable Data. NeurIPS, 2023.

Exchangeability i.i.d.
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Exchangeability unifies ICA and causality

Guo et al.: Causal de Finetti: On the Identification of Invariant Causal Structure in Exchangeable Data. NeurIPS, 2023.

Exchangeability i.i.d.

Exchangeability can describe variability conditions

37
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The Independent Exchangeable Mechanisms (IEM) framework

Causal variables Z

Directed Acyclic Graph 𝐺

SEM
Source variables S Observations O

Mixing

S − exogenous source variables
𝑍 − causal variables
𝑂 − observations

Smoking, Cancer
SEMSocioeconomic 

status
Chest X-Ray

Mixing

Smoking Cancer

Example
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The Independent Exchangeable Mechanisms (IEM) framework

Causal variables Z

Directed Acyclic Graph 𝐺

The difference between causal discovery, ICA, and causal 
representation learning is which components are modeled/observed

SEM
Source variables S Observations O

Mixing

S − exogenous source variables
𝑍 − causal variables
𝑂 − observations 45
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Extending Causal de Finetti

Mechanism variabilityCause variabilityCdF

Causal discovery is possible iff any of these two conditions hold

49



Cause/mechanism duality for Time-Contrastive Learning

DualOriginal

• Non-stationary sources
• Deterministic mixing function

Hyvärinen et al.: Unsupervised Feature Extraction by Time-Contrastive Learning and Nonlinear ICA. NeurIPS, 2016.

𝑆 − exogenous source variables
𝑍 − causal variables
𝑂 − observed variables
Observed, don’t care, target quantity
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Cause/mechanism duality for Time-Contrastive Learning

Dual

• Stationary sources
• Stochastic mixing function

Original

• Non-stationary sources
• Deterministic mixing function

Hyvärinen et al.: Unsupervised Feature Extraction by Time-Contrastive Learning and Nonlinear ICA. NeurIPS, 2016.

𝑆 − exogenous source variables
𝑍 − causal variables
𝑂 − observed variables
Observed, don’t care, target quantity
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Conclusion for IEM

• We categorize the different types of non-i.i.d. data enabling identifiability
• We apply an exchangeable lens to unify 

• Causal discovery,
• Identifiable representation learning (Independent Component Analysis)
• Causal representation learning

• Our framework, Independent Exchangeable Mechanisms (IEM), is not universal, but focuses on 
the multi-environment case
• For a more comprehensive unifying framework of CRL, see, Yao et al., 2024

• So what?
• IEM leads to relaxed conditions of the Causal de Finetti theorem
• IEM also suggests new identifiability results for both source and causal variables

Yao et al.: Unifying Causal Representation Learning with the Invariance Principle. arXiv, 2024. 52
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I. Problem setting
Main Assumptions and Objectives
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Problem Setting

– Images: functions with d = 2 dimensional input vectors.

– Pixels: outputs of these functions at some observed inputs
(typically distributed on a grid).

– Observations: the inputs are from D .
= [0, 1]× [0, 1], the outputs

are centered and scaled, from [−1, 1] (grayscale images).

– Generalization: can be extended to multi-dimensional cases,
(RGB or CYMK codes), for example, by handling each coordinate
separately, then combining the results to a hyperrectangle.

Bálint Horváth Nonparametric Confidence Bands | 3



Single Image Inpainting: Problem Setting

– Main task: estimate the value of missing pixels based on one
image (without any additional information).

– Well-known methods: total variation based techniques, methods
using biharmonic equations, several deep learning approaches.

Original Observed Restored (TV)

Bálint Horváth Nonparametric Confidence Bands | 4



Single Image Super-Resolution: Problem Setting

– Aim: map a low resolution image to a higher resolution one.

– Recent solutions: based on deep convolutional networks (e.g.,
EDSR: Enhanced Deep Residual Networks for Super-Resolution).

Original Observed Super-Resolution (EDSR)

Bálint Horváth Nonparametric Confidence Bands | 5



Main Assumption

Assumption (A1)

We have a finite sample (x1, y1), . . . , (xn, yn) of inputs and
outputs, where xk ∈ D .

= [0, 1]d , yk ∈ [−1, 1], and, yk = f∗(xk),
for k ∈ [n]

.
= {1, . . . , n}. Inputs {xk} are distinct and f∗, the

“true” data generating function, belongs to a known RKHS H
with a continuous and universal reproducing kernel k.

Def. Let X be a metric space, let Z ⊆ X be a compact subset and let

k : X× X → R be a kernel, i.e., symmetric and positive definite. Let

K(Z)
.
= span{ k(z , .) : z ∈ Z }, i.e., the closure w.r.t. the supremum

norm of the linear span of all k(z , .) functions, where z ∈ Z. Let C(Z)

be the set of all continuous f : Z → R type function. Kernel k is called

universal if and only if for all compact Z ⊆ X, we have K(Z) = C(Z).

Bálint Horváth Nonparametric Confidence Bands | 6



Paley-Wiener Spaces

Definition

A Paley-Wiener space is a subspace of L2(Rd), where for each
φ ∈ H the support of the Fourier transform of φ is included in
a given interval [−η, η ]d , where η > 0 is a hyper-parameter.

– These space are Reproducing Kernel Hilbert Spaces (RKHSs).

– The reproducing kernel of a Paley-Wiener space takes the form

k(u, v) = π−d
d∏

j=1

sin(η(uj − vj))

uj − vj
,

where (for convenience) sin(η · 0)/0 is defined to be η.

– Motivation: we limit the frequencies of the target function (“band
limited”), e.g., to ensure that it cannot change arbitrarily fast.

Bálint Horváth Nonparametric Confidence Bands | 7



Objectives

– Main goals: estimate the missing pixel value of any given query
input point and provide uncertainty bounds for the estimation.

– Formally: construct a point estimate f̄ of f∗ together with
confidence band, i.e., a (data-dependent) function I : D → R2,
where I (x) = (I1(x), I2(x)) specifies the endpoints of a (closed)
interval estimate for f∗(x) and contains f̄ (x) for any x ∈ D.

– Therefore, the required properties are

∀x ∈ D, f̄ (x) ∈ [I1(x), I2(x)],

P
(
∀x ∈ D : I1(x) ≤ f∗(x) ≤ I2(x)

)
≥ 1− γ,

where γ ∈ (0, 1) is a (user-chosen) risk probability, and
ν(I ) is the reliability of the confidence band.

Bálint Horváth Nonparametric Confidence Bands | 8



II. Known Norm Bounds
Point Estimation and

Uncertainty Quantification

Bálint Horváth Nonparametric Confidence Bands | 9



Point Estimation

– ’Key” function: The element from H with minimum norm,
which interpolates each output yk at the corresponding input xk :

f̄ (x) =
n∑

k=1

α̂kk(x , xk),

where the weights are α̂ = K−1y with y
.
= (y1, ..., yn)

T and
α̂

.
= (α̂1, ..., α̂n), and Ki ,j = k(xi , xj) is the Gram matrix.

– By the reproducing property and the Cauchy-Schwartz inequality:

| f (x)− f (x ′) | ≤ ∥f ∥H ∥kx − kx ′∥H ≤ ∥f ∥H d(x , x ′)

for all f ∈ H, where kx
.
= k(·, x) and the distance is

d(x , x ′) =
√
k(x , x) + k(x ′, x ′)− 2k(x , x ′)

Bálint Horváth Nonparametric Confidence Bands | 10



Uncertainty Quantification: Idea

Assumption (B1)

For the given risk probability γ ∈ (0, 1), we known a constant
κ ≥ ∥ f̄ ∥2H, where f̄ is the minimum norm interpolant, with

P
(
∥f∗∥2H ≤ κ

)
≥ 1− γ.

– Simplified problem: (B1) provides a priori known bounds for the
kernel norm of the data-generating function (later: relaxation).

– For a candidate (x0, y0) pair, we calculate the norm square of the
minimum norm interpolation of {(xk , yk)}nk=1 ∪ {(x0, y0)}.

– If this norm (square) is less than or equal to the upper bound (κ),
we include (x0, y0) in our confidence band.

– Required: an efficient method to decide the endpoints of the
confidence interval for every input x0 ∈ D.

Bálint Horváth Nonparametric Confidence Bands | 11



Uncertainty Quantification: Construction

– Optimization problems: for a candidate query input point x0, we
are looking for the minimal/maximal y0 value, where the norm of
the interpolation function is less than or equal than κ.

– These lead to the following two (convex) optimization problems:

min /max y0

subject to (y0, y
T)K−1

0 (y0, y
T)T ≤ κ,

where K0(i + 1, j + 1)
.
= k(xi , xj) for i , j ∈ {0, 1, . . . , n}.

– Special structure: they can be solved analytically.

– The optimal values, ymin and ymax, determine the endpoints of
the confidence interval at x0: I1(x0)

.
= ymin and I2(x0)

.
= ymax.

Bálint Horváth Nonparametric Confidence Bands | 12



Uncertainty Quantification: Illustration

0.0 0.2 0.4 0.6 0.8 1.0

−0.5

0.0

0.5

1.0

1.5

Confidence interval at a query input

observations
query input
possible outputs

minimum-norm interpolant
extended interpolant (upper)
extended interpolant (lower)
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Theoretical Guarantees

Lemma 1: Point Estimation Inclusion

Assuming A1 and B1, it holds true that ∀x ∈ D,

f̄ (x) ∈ [(I1(x), I2(x))].

Theorem 1: Guaranteed Coverage

Assume A1 and B1. Then, for any γ ∈ (0, 1) be a risk probability
and any finite sample size n, the construction of SGKI guarantees

ν(In) ≥ 1− γ.

Bálint Horváth Nonparametric Confidence Bands | 14



III. Unknown Kernel
Norm Bounds

Assumptions, Bounding the Norm

Bálint Horváth Nonparametric Confidence Bands | 15



Unknown Kernel Norm Bounds: Assumptions

In order to relax (B1), we introduce the following assumptions:

(A2) Function f∗ is from a Paley-Wiener space H; and f∗ is almost
time-limited to D, that is∫

R
f 2∗ (x) I(x /∈ D) λ(dx) ≤ δ0,

where I(·) is an indicator and δ0 > 0 is a universal constant.

(A3) Sample (x1, y1), . . . , (xn, yn) ∈ D × R is i.i.d.

(A4) The inputs, {xk}, are distributed uniformly on D.

Bálint Horváth Nonparametric Confidence Bands | 16



Bounding the Kernel Norm

Lemma 2: Upper Bound for the Kernel Norm

Assuming A2, A3 and A4, for any user-chosen risk probability
γ ∈ (0, 1), we have (for any finite sample size)

P(∥f∗∥2H ≤ κ) ≥ 1− γ,

with the following choice on the upper bound κ:

κ
.
=

1

n

n∑
k=1

y2k +

√
ln(1/γ)

2n
+ δ0.

Bálint Horváth Nonparametric Confidence Bands | 17



IV. Reducing the
Computational
Complexity

Schur Complements

Bálint Horváth Nonparametric Confidence Bands | 18



Complexity Reduction: Schur Complements (1)

– Issue: for every query input x0 ∈ D, we need to calculate the
inverse of the extended Gram matrix, namely K−1

0 .

– Alternative solution: for a given x0 ∈ D, partition K0 as[
r0 k0
kT0 K

]
,

where K ∈ Rn×n, k0 ∈ Rn, r0 ∈ R, with r0 = k(x0, x0) and
k0,i = k(x0, xi ), for i ∈ [n].

– Schur complement: we can write

K−1
0 =

[
g−1
0 −K−1k0g

−1
0

−g−1
0 kT0 K

−1 K−1 + K−1k0g
−1
0 kT0 K

−1

]
,

where g0
.
= (K0/r0)

.
= r0 − kT0 K

−1k0 is the Schur complement.

Bálint Horváth Nonparametric Confidence Bands | 19



Complexity Reduction: Schur Complements (2)

– Complexity: the new approach to compute the confidence
interval needs O(n2) floating point operations (flops), instead of
O(n3) flops, assuming the matrix K−1 is available.

– K−1 only needs to be computed once, then K−1 can be used for
each possible query input x0 to construct the inverse of K0.

– Example: If n = 100, then the speedup of computing K−1
0 , given

K−1, could be even 100×, depending on the implementation.

– The (parameterized) complexity of the original method is
O((hw − n)n3) flops, while the Schur complement based version
requires O(n3 + (hw − n)n2)) flops (the image has h × w pixels).

Bálint Horváth Nonparametric Confidence Bands | 20



V. Empirical Validation
Single Image Inpainting and

Super-Resolution

Bálint Horváth Nonparametric Confidence Bands | 21



Single Image Inpainting: Random Pixels

Original Observed SGKI-PW

Total Variation Biharmonic Large Mask
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Single Image Inpainting: Deterministic Cut-out

Original Observed SGKI-PW

Total Variation Biharmonic Large Mask

Bálint Horváth Nonparametric Confidence Bands | 23



Misspecification Robustness

10 20 30 40 50 60 70 80 90 100
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Robustness of model class selection

Normalized PSNR SSIM NRMSE
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Uncertainty Quantification: Relative Diameters

Observed Restored (SGKI-PW) Uncertainty (SGKI-PW, 90%)
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Single Image Super-Resolution

Original Observed SGKI-PW Bicubic

Bilinear Lanczos EDSR MSRN

Bálint Horváth Nonparametric Confidence Bands | 26



Quantitative Results (1)

Table: Synthetic single image inpainting experiments using 100 randomly
generated “band-limited” images with 10% observations.

Inpainting PSNR (avg) SSIM (avg) NRMSE (avg)

SGKI-PW 26.0489 0.7499 0.1082

Total Variation 23.3874 0.5354 0.1356

Biharmonic 25.4460 0.6872 0.1074

Large Mask 22.6320 0.4711 0.1476
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Quantitative Results (2)

Table: Synthetic single image super-resolution experiments using 20
“band-limited” images with the aim to double their resolution.

Super-resolution PSNR (avg) SSIM (avg) NRMSE (avg)

SGKI-PW 38.1143 0.9831 0.0258

EDSR 36.1177 0.9741 0.0311

MSRN 36.1017 0.9740 0.0312

Bicubic 35.9471 0.9734 0.0318

Bilinear 35.8641 0.9725 0.0321

Lanczos 36.0334 0.9745 0.0315

Nearest Neighbor 33.2433 0.9447 0.0433
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Quantitative Results (3)

Table: Single image inpainting experiments, with 10% pixels observed, on
real-world images from the grayscale Set12 dataset. SGKI was used with
the Gaussian kernel, which is defined as k(z , s)

.
= exp(−||z − s||2/(2σ2)).

Inpainting PSNR (avg) SSIM (avg) NRMSE (avg)

SGKI-G 16.7601 0.3792 0.2765

Total Variation 17.0084 0.4201 0.2693

Biharmonic 17.3096 0.5260 0.2605

Large Mask 14.7450 0.2237 0.3477
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Quantitative Results (4)

Table: Single image super-resolution experiments on real-world images
from the grayscale Set12 dataset; the target scale was ×4.

Super-resolution PSNR (avg) SSIM (avg) NRMSE (avg)

SGKI-PW 21.6117 0.6263 0.1597

EDSR 16.7301 0.5049 0.2773

MSRN 16.8671 0.5078 0.2729

Bicubic 19.9679 0.6119 0.1911

Bilinear 20.4913 0.6211 0.1801

Lanczos 19.8083 0.5967 0.1946

Nearest Neighbor 18.8881 0.5624 0.2166
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Summary

– The SGKI method can construct simultaneous, non-asymptotic
non-parametric confidence bands if the data-generating function is
from an RKHS having a continuous and universal kernel.

– The constructed point estimation, provided by the minimum norm
interpolant, is always included in the confidence band.

– The uncertainty of the missing pixels can be quantified.

– By using Schur complements, the computational complexity of the
method can be significantly improved.

– Several numerical experiments and comparisons were presented to
support the viability of the approach.
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Introduction

• Methods for studying the similarity of internal representations are important tools for 
understanding neural networks

• Model stitching allows us to study the functional similarity of representations

• Recent observations1 question the reliability of model stitching as a measure of similarity, 
and its interpretability and inner working is under-investigated

1: Hernandez et al. Model stitching: Looking for functional similarity between representations. In SVRHM Workshop @ NeurIPS, 2022.



Introduction

• Methods for studying the similarity of internal representations are important tools for 
understanding neural networks

• Model stitching allows us to study the functional similarity of representations

• Recent observations question the reliability of model stitching as a measure of similarity, 
and its interpretability and inner working is under-investigated

Our main question:

Is model stitching a reliable way to measure similarity of 

neural network representations?

Spoiler: yes and no – depending on how we stitch models.



Model Stitching



How Can We Stitch Models?

• Task Loss Matching (TLM): arg𝜃min𝔼𝑝 𝑥,𝑦 ℒ 𝑔>𝑗 ∘ 𝑇𝜃 ∘ 𝑓≤𝑖 𝑥 , 𝑦

• We only care about task performance

• No requirements on structural alignment

• Only functional similarity

• Direct Matching (DM): arg𝜃min𝔼𝑝 𝑥 𝑇𝜃 ∘ 𝑓≤𝑖 𝑥 − 𝑔≤𝑗 𝑥
𝐹

• We only care about structural alignment

• No requirements on task performance

• Functional and structural similarity

5



Task Loss Matching is Unreliable

• Intra-network similarity: Within a network, each layer should be most similar to
itself.

• Inter-network similarity: Between two architecturally identical networks trained 
from different initializations, each layer in one network should be most similar to
the corresponding layer in the other network. (Kornblith et al. 2019)

6

PWCCA: Morcos et al. Insights on representational similarity in neural networks with canonical correlation. In NeurIPS, 2018.
LCKA: Kornblith et al. Similarity of neural network representations revisited. In ICML, 2019.
OPD: Ding et al. Grounding representation similarity through statistical testing. In NeurIPS, 2021



Intra-Network Similarities
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Out-of-Distribution Representations
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Out-of-Distribution Representations

9
Liu et al. Energy-based out-of-distribution detection. In NeurIPS, 2020



OOD Representations: TLM vs. DM
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Statistical Tests for Functional Similarity

• We compare direct matching to structural similarity indices using the framework of 
(Ding et al. 2021), to see how well correlated they are to functional similarity.

• Similarity indices should be sensitive to changes that affect functionality

• Similarity indices should be specific against changes that don’t affect functionality

11

Sensitivity test Specificity test

Ding et al. Grounding representation similarity through statistical testing. In NeurIPS, 2021



Conclusions

• Purely functional measures of similarity are unreliable

• Strong inconsistency with basic sanity checks

• Unintuitively high similarities between functionally different representations

• The reason behind this is out-of-distribution (OOD) alignment

• As a result of optimizing for task performance, even with simple linear stitching

• When similarities seem intuitive, purely functional alignment might still be OOD

• Direct Matching effectively combines structural and functional perspectives

• In-distribution alignment

• High correlation with functional similarity

12
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Relations in LLMs

subject objectrelation

“Michael Jordan plays the basketball”

The samples of a given relation ℛ are all
s0, 𝑜0 ; 𝑠1, 𝑜1 ; … pairs.

(Michael Jordan; person plays sport; basketball)



Linear Relation Decoders [1]

[1] Hernandez et al. 2024. Linearity of Relation Decoding in 
Transformer Language Models. ICLR 2024 (Spotlight)

One linear relation decoder is:
⌲ Relation specific
⌲ More than 16M parameters

⌲ All of the 47 relation decoders 
are 47 ∗ 16𝑀 = 790𝑀 parameters

This is linear and can 
be approximated 
with only 5 samples! 



The Structure of Relation Decoding

⌲ Can we compress them? Or even model them?

⌲ How do the collection of relation decoders relate?

relation MODEL Decoder



Can we handle relations collectively by 
compressing the decoders effectively?



Order-3 tensor networks



Order-3 tensor networks



Linear Relation Decoders are Substantially 
Compressible!

The measure of 
performance: Faithfulness

⌲ Accuracy of object 
prediction

Baselines

Ours



Understanding Compressibility:
Semantic Structure

Cross-evaluation protocol:

We evaluate
⌲ every ℛ𝑖 ∈ ℛ relation on 
⌲ every ℳ𝑗 ∈ ℳ decoder and 

⌲ compute faithfulness 𝑓(ℛ𝑖 , ℳ𝑗)



Extending the Dataset



Linear relation decoders are primarily 
property-based, 

rather than relation-specific



Different LLM Architectures

GPT-J 6B Llama 3.1 8B GPT NeoX 20B



Three Levels of Generalization

City in country
Word sentiment
Adjective antony
Fruit inside color

Fruit outside color
Person mother

Number plus 6
Number minus 19
Number minus 3
Number plus 21
Number plus 9

Number minus 5

1 plus 6 is 7
2 plus 6 is 8
3 plus 6 is 9

4 plus 6 is 10
5 plus 6 is 11
6 plus 6 is 12

Held-out relations
Held-out relations

corresponding to one 
property 

Sample-wise
held-out

(subject, object)

Train set
Test set



Generalization on Held-Out Relations

year property

country property



Generalization on Held-Out Relations 
Corresponding to One Property

Tightly controlled mathematical dataset

Number plus 6
Number minus 19

Number minus 3
Number plus 21
Number plus 9
Number minus 5



Generalization on Held-Out Relations 
Corresponding to One Property 99.1% test 

faithfulness!



Thank you!

Miranda Anna Christ Adrián Csiszárik Gergő Becsó Dániel Varga
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